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PREFACE TO THE SECOND EDITION. 

Many corrections and additions have been made in 
the present Edition, chiefly with the view of fitting it for 
younger students by bringing out the leading principles 
of the subject with greater clearness. Some additional 
illustrative examples are given, but for purposes of practice 
the student is still referred to Gregory's Collection of 
Examples. 
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DIFFERENTIAL AND INTEGRAL CALCULUS. 



CHAPTER L 

VARIABLES ANB FUNCTIONS. 

1. In all analytical inquiries the symbols with which we are 
concerned are divisible into two classes — ^those which by the con* 
ditions of the problem admit of variation, and those which are in-i 
capable of it. The former are called variables^ the latter constants. 
Thus, the co-ordinates of any point of a given curve are variables, 
being capable of a change of value in passing from one point of the 
curve to another, while those quantities which enter into the equa- 
tion to determine the particular curve of which we treat, as the 
latus rectum of a parabola, the semi-axes of an ellipse, the radius of 
a circle, &c., are constants so long as the equation is restricted to 
one particular curve. 

It should however be borne in mind, that the same quantities 
may appear in one problem as variables and in another as constants. 
Thus, if X and y represent the co-ordinates of any point in a given 
circle, they are connected by the equation 

where a: and y are variables and r constant. But if we have to 
determine the locus of the intersection of pairs of equal circles, 
having their centres in two fixed points whose distance is 2h, the 
equations to any pair of circles whose radii equal r may be put in 
the form 

(jd + by + tf'^r*. 

The equation to the required locus will then be a relation between 
X and ^, which holds for every possible value of r and will be found 
from the above equations by treating r as a variable* The distance 
^6, between the centres is the same for every pair of circles. In this 
problem therefore x, y and r ^re variables and h constant. By 
H. D. c. 1 



2 VABIABLES AND FUNCTIONS. 

eliminating r between them we find the equation to the locus 
required, viz. j? = 0. 

Hence we obtain the following definitions. 

A variable is a quantity which, by the conditions of the problem 
that we are investigating, may assume a number of different values. 

A constant is a quantity which the conditions of the problem 
suppose to be invariable. 

Quantities, which in some problems appear as variables and in 
others as constants^ as the radius of the circle in the above example, 
are sometimes termed parameters. 

2. A continuous variable is one which is capable of receiving 
.any value whatever ; a discontinuous variable, one which only ad- 
mits of a particular series of values separated by finite intervals. 
Thus, the co-ordinates of an indefinite straight line are continuous 
variables, while a symbol which represents any integer is a discon- 
tinuous variable. 

In the ordinary operations of Algebra and in the present subject, 
all the variables employed are supposed to be continuous. 

Results, however, obtained on the supposition of continuity are 
applicable to variables which are continuous within certain finite 
limits, and become discontinuous beyond them. Thus, the general 
equation to a straight line is applicable to the side of a triangle, 
provided we restrict the values of the co-ordinates to the limits 
imposed by the figure. 

Variables are usually represented by the final letters of the 
alphabet, as u, v, x, y, z, &c., and constants by the initial letters a, 
i, c, &c. ; a notation purely arbitrary, and adopted fbr convenience. 

3. A function of any variable is a quantity whose value depends 
upon and changes with that of the Variable, So that when aft arbi^ 
trary value is given to the variable the function receives a definite 
corresponding value. 

Thus, the distance which a man walks in a given time is a func- 
tion of his rate of walking; and the algebraical expressions o;^^ (t", 
a -^-hsT, sin or, &c., are all functions of .r, and k a function of each of 
them. So also, the co-'ordinates of a curve are mutually functions 
of each other, since when an arbitrary value is given to one of them^ 
the other receives a defiilite corresponding value. 
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Functions of the variables «, y, &c. are writteny(a?), ^(y), (ar), 
■^ (y), &c. 

When the same functional sign is prefixed to different variables^ 
it denotes that the function is obtained from the variables in the 
same way. Thus, if/(«) = sin x, f{z), if it occurs in the same in- 
vestigation, must B sin jer. 

4. A function of a continuous variable is said to be continuous 
when its values are obtained from those of the variable by a Jlxed 
law, such that a gradual change in the variable produces a corre- 
sponding gradual change in the function. Otherwise it is discon- 
tinuous. The meaning, of these two conditions of continuity becomes 
'more apparent by the aid of a geometrical illustration* 

Suppose a curve to be traced whose equation is y — /(^)* Such 
a curve must always exist whatever be the form of/, since we can 
&S. as many points of it as we please by giving a series of arbitrary 
values to x, and determining from the equation the corresponding 
values of ^, In order that the ordinate of this curve may be a con- 
tinuous function of the abscissa, according to the above definition, 
two conditions must be satisfied : 

(1) The change of ^ consequent on a gradual change of a?, must 
be gradual. 

(2) It must follow a fixed law. 

The former of these conditions excludes the case of a series of 
disconnected points, or of lines terminating abruptly, and restricts 
us to curves which may be traced without raising the^pen from the 
paper. Where however y has several values corresponding to each 
value of J7, the condition is satisfied if each branch may be thus con- 
tinuously drawn. The latter condition excludes from the class of 
continuous curves, figures composed partly of one curve and partly 
of another, as for instance a triangle, the co-ordinates of whose 
several sides are related by three distinct laws or equations. It is 
even possible to trace curves which satisfy the geometrical idea of 
continuity whose ordihates are nevertheless discontinuous functions 
of the abscissas in the sense of our analytical definition. 

A curve is considered continuous in geometry where it can be 
jtraced by the motion of a point, without any abrupt dianges of 
direction (Newt Prin. Bk. i. Lero. 5). A triangle is therefore geo« 

1—2 



4 .TABUBLEa AND FUNGTIONET. 

inetrically discontinuous^ but the egg-shaped curve formed by con« 
necting the extremities of a semi-circle with those of a semi-ellipse 
of equal diameter satisfies the geometrical definition. The equation 
to the latter figure however does not give y as a continuous function 
x>f Xf since for some values of the abscissa it follows the law of the 
circle and for others that of the ellipse. But the equations to the 
distinct parts of such composite figures are continuous, and results 
obtained by treating them as such may be applied to the geometrical 
figure if the values given to the variables are confined within the 
limits appropriate to the particular equation employed. Thus in 
the last example the results deduced from the continuous equation 
to the circle are true of the semi-circular portion of the figure. 

In the above instances of discontinuity the change in value of 
the function was gradual^ but the law was not fixed. In other cases 
the law remains fixed, but there is an abrupt change in value at 
particular points. Discontinuity of the latter kind occurs most fre* 
quently in the form of a sudden change from + os to — oo . Thus 

for example, when x passes through the value -, secx changes 

abruptly from + co to - oo , the law by which the value of the func- 
tion is ascertained remaining the same on both sides of the point 
of discontinuity. Geometrical examples are found in many curves 
having asymptotes parallel to the axes of co-ordinates. Thus the 
equation to the hyperbola referred to its asymptotes is xtf = c\ and 
when X passes through aero, y suddenly changes from - oo to + od . 
In such cases results obtained from the equation common to both 
portions of tbe curve, on the hypothesis of continuity are applicable 
to all points (however near to those where the discontinuity occurs), 
except the actual points of discontinuity themselves. After reading 
the following chapter, the student will be able to see that such 
general results may be said to have an application in the limit to 
these points of isolated discontinuity themselves. 

There are other forms of discontinuity, but the ordinary alge- 
braical functions as aaf^, sin j?, log x, are continuous except for par- 
ticular values of the variables. In all the propositions which follow, 
the continuity of the functions treated of will be assumed, except 
when the contrary is expressly stated. Our results, therefore, cannot 
be applied, without a separate investigation, to discontinuous func« 
tions except within their continuous limits. 
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5. A function of two or more variables is a quantity whose 
value depends upon and changes with the values of those variables, 
so that when arbitrary values are given to the variables, the func- 
tion receives a definite corresponding value. Thus, the distance 
which a man walks is a function of his rate of walking, and of the 
time in which be performs the distance^ and the algebraical ex« 

pressions (« +^)"*, a^, sin f- j are functions of x and y^ and 

logi^B.sinr? 

a function of the three variables x, y, and z. 

Functions of two or more variables are represented by the sym- 
bols F(x, y), <p(x, y^ z), f{x, y, z, m), &c. Thus the equation 
z=^F{x, y) signifies that js is a function of the two variables x and y. 
Those who are familiar with geometry of three dimensibns^ will 
recognize an illustration of such a function in the ordinate of a 
surface. 

6. In the equation F(a:, y)=0, x and y are not functions of 
two variables^ but each is simply a function of the other^ since on 
giving an arbitrary value to either, the other receives a definite cor- 
responding value. Thus if x and y are co-ordinates of a circle, y is 
a function of x alone, whether the equation be written in the form 

• y^tja' — a^ or a^ + y'^a\ 

And in general if any two variables x and y are connected in any 
-manner, so that the value of either depends on that of the other (as 
is the case with the co-ordinates of a curve), this relation may be 
expressed m either of the following forms, 

(1) F{x,y)r.O, (2) y=^/(x), (3) ar = 0(^), 

'where the forms of the functions F^f, 0, depend upon the nature of 
the law connecting the variables. 

When this connexion is expressed by an equation of the form 
{1), each variable is said to be given as an implicit Junction of the 
other ; in equation (2), y is said to be given as an explicit function 
of J?, and in equation (3), x as an explicit function of y. 

So also if we have an equation between three variables, of the 
form 

F(x,y,z) = 0, 
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each variable is given as an implicit function of the other two, the 
corresponding explicit functions being of the form 

and similar remarks apply to functions of any number of variables. 

It is evident that the forms of the functions^ 0, y^, depend on 
that of F in any particular case> and in many instances the methods 
of Algebra enable us to determine them from it This process of 
expressing one variable as an explicit function of the others with 
which it is connected by any equation, is called solving the equation 
with respect to that variable. Thus, for Instance, if or, y are the 
co-ordinates of a point in an ellipse referred to the centre as origin, 
they are connected by the equation 

from which we derive the equivalent equations 

giving ff and x respectively as explicit functicnas of the other. 

7. Although it follows from our definitions that a constant 
cannot be a function of a variable, yet it will be found subsequently 
that many of the propositions which will be established with respect 
to functions, will apply to constants as a particular case, in a manner 
exactly analogous to that in which the properties of symbols o'f mag- 
nitude are extended to zero, idthough the symbol of no magnitude 
at alL 

8. If in any equation between two variables, as (1), (2), or 
(3), we give to either variable an arbitrary value, the other assumes 
a definite value dependent on the former. For this reason such an 
equation is said to be an equation of one independent variable, since 
we are at liberty to give an independent or arbitrary value to one 
variable only. 

If three variables are connected by a single equation, and we 
give an arbitrary value to one of them, there exists an indefinite 
number of pairs of values of the other two which, together with the 
arbitrary value of the first, satisfy the equation ; but if a second 
variable is arbitrarily determined, the third assumes a definite value 
dependent on the arbitrary values of the other two. Such an equa- 
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tion is therefore called an equation of two independent variables ; 
and generally^ if any number (n) of variables are connected by a 
single equation^ there are (ti — 1) independent variables. 

If three variables are connected by two equations^ as f(x, y, z) 
= 0, and ^ (x, y, ;?) = 0, and an arbitrary value is given to one of 
them^ the values of th^ other two become definite, and there is 
therefore only one independent variable ; and generally, if n varia- 
bles are connected by r equations, and we give arbitrary values to 
(» — r) of them, we obtain r equations among the remaining r varia- 
bles, which are therefore determinate. In this case, therefore, the 
number of independent variables is (« — r). 



CHAPTER 11. 

LIMITING VALUES OF FUNCTIONS. 

9. Let f(x) be any function of a variable x, a any particular 
value which we may give to the variable. 

Then if by giving to x a, value sufficiently near to a, we can 
make f(x) differ from some other value ^ by a quantity less than 
any assignable quantity, A is called the limiting value of /(«) 
when X approaches a, or, as it may be concisely written^ 

A^lt^{x). 

It will easily be seen^ that if /(a) is the actual value of /(a:) 
whenx = a^ this limiting value A will equal /(a) ; for /{x)^/(a) 
may clearly be made as small as we please by giving to j? a value 
sufficiently near to a. Hence it follows^ that in general the defini- 
tion above given of the limiting value of a function^ when the 
variable approaches a particular value^ is nothing else than the 
actual value of the function when the variable already equals that 
value. 

ThKs^ for example^ let /{x) be the number of miles which a 
person^ walking at the rate of 4 miles an hour^ can walk in x 
hours^ whence we have /(a;) = 4a*. When the time is taken equal to 
2 hours suppose, the distance will evidently be 8 miles. This then 
is the actual value of f(x) when x = 2. But this is also the limiting 
value o£f(x) when x approaches 2 ; for the more nearly the time 
approaches 2 hours, the more nearly does the distance approach 
8 miles ; and we may, by diminishing the former difference, dimi- 
nish the latter as much as we please. Hence, by our definition, 8 
miles is the limiting value o£/(x) when x approaches 2 hours. 

The question then naturally arises — What is the use of the some- 
what complex definition of a limiting value of a function, when it is 
in no respect different from the actual value of which the idea is so 
much more obvious ? Why speak of the value that f(x) approaches 
when X approaches a, when we might so much more simply speak of 
the value which / (x) has when x has the value a ? The answer 
to this is, that there frequently are particular values of the variable 
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for which we are unable to determine the actual corresponding value 
of the function^ and yet can determine its corresponding limiting 
value. And it is for such values, and for no others^ that the idea of 
a limiting value is resorted to. 

In the example given above^ there is evidently no value of ^ 
for which we cannot assign the corresponding value x>f J*(jx), If 
the time is given^ we can at once determine the actual distance 
walked. In this and similar cases^ therefore^ although the idea of 
a limiting value is as admissible as in any other^ we shall always 
txmfine ourselves to the simpler idea of an actual value. 

The following example will illustrate the necessity and use of 
the idea of a limit. 

Let /(')=^ W- 

If we give to x any value different from a, as b^ we obtain 
the actual value of the above function^ viz. 

/(*)=fe?=*+'' (2>- 

If, however, we give to x the value a, and endeavour to obtain 

the value of f(a), we find/(fl)=-, an expression which has no 

meaning whatever, and is perfectly indeterminate ; /(x\ therefore, 
has no actual value when x^a. Nor can the difficulty be obviated 
by saying, that because 

.% f(x) = x-ha, 

and therefore, when x = a, f(a)^2a; 

for in the above process we have first divided by (x-^d), and then 
put the divisor =0, a proceeding which is repugnant to the first 
principles of Algebra, and by which any fallacy might be esta- 
blished. Thus we might on the same grounds assert that, because 

a^ — a^^x — a, when x = a, 
/. j: + a = 1, when jr -= «, 

.'. 2a = 1, whatever a is^ 

a manifest absurdity, arising from our having divided by a quan* 
tity which is the representative of zera The above function, there^ 
fore, has no actual value when x^a. 
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But since equation (2) is evidently true/ however near 6 is to 
a, provided it does not actnallj equal it^ it follows that we may 
make f{x) differ as little as we please from 9a^ by making a 
sufficiently near to a. 2a is therefore the limiting value of /(x) 
when X approaches a* 

It is so important that the reader should have a perfectly clear 
idea of a limiting value, that we shall add the following geome- 
trical illustration. 

Let PQ, be any curve, PN^ NQ, lines drawn parallel to two 
rectangular axes ; then^ if the nature of the 
curve is known, NQ, and PN will be func- 
tions one of another. 

Let then Q2V= <t> {PN), 

..v..NPQ = t(m. 

PN 

We can therefore in general determine 
the value of tan NPQ for any assigned value 
of PN ; but if PN equals zero, QN or 
<l> (PN) also vanishes ; and tan NPQ being 
the ratio of two lines, each of which is equal to zero, has no deter- 
minate actual value. 

Since however, when ^ is known, we can obtain an actual value 
of tan NPQ for any assigned value of PN different from zero, how- 
ever small, we are able to determine the value to which tan NPQ 
approaches when PN approaches zero, u e. the limiting value of the 
tangent. * 

Let T be a point in any line MT which is 'drawn perpendi- 
cular to PN produced, so taken that 

^ = ft«^„(taniyrPQ)j 

then PT is evidently the line to which the chord PQ continually 
approaches as Q approaches P, or, in other words, PT is the limit- 
ing position of the secant PQ when Q approaches P. This is 
called the tangent to the curve at the point P; and i^ will be seen 
that the investigation of the inclination of tangents is one of the most 
important applications of the Di&rential Calculus. 




LIMirmO VALUES OV FDNCTIOWS.' 11 

10. From tbe preceding explanations the truth of die fbliowing 
axioms becomes evident. 

(1) If a function J*(x) has an actual determinate value when 
a — Oy 

U^fix)r.f{a), 

(3) If an equation Is teue for all values of the varidble up to 
the limidng values, it Is true in the limit ; that is^ if the equation 
/ (jb) = <p{x) is true for all values of x, however near to a. 

If one of the functions, as (p(x)f has a determinate actual value 
when J! -a, this equation becomes, by axiom (1), 

and if both /(or) and (p(a!) have actual values when or = a, it reduces 
itself to the self-evident form 

We shall now proceed to determine the limiting values of certain 
quantities which will be required hereafter* 

11. If PQ is a curve of continued curvature, 

// arcPq , 
"^^ chord PQ "■ • 

A curve of continued curvature is one in which the exterior 
angle between two tangents at P and Q gradually diminishes, and 
ultimately vanishes when Q moves up to and ultimately coincides 
with P. 

Let then tangents at the points P, Q, of 
such a curve intersect in T, and draw TN 
perpendicular to the chord PQ. Then ^ ~^ 'q 

chord PQ = PT . cos NPT + QT, cos NQT. 

The angles NPT, NQT are always less than the exterior angle 
between the tangents ; and therefore when Q moves up to P, each 
of these angles vanishes, and each of the abov^ co^nes becomes 
equal to unity; 

. PT+QT J PT . CDS NPT+ QT. cos NQT 
•'• '^^^ chord PQ*"'*^^^^ chord PQ 

= 1, by the above equation. 
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But the chord PQ, the arc PQ, and the broken line Pr+ QT, 
are in order of magnitude always^ and therefore in the limit; 

'• ^'«=*chordPe^- 
8 1^ where x is the circular measure of the angle. 



12. It 



am X 

X 



Let PQ be the arc of a drcle whose centre is C ; draw CNA 
perpendicular to the chord PQ, and let the angle PCQ = 2x : whence 

we have 

PN^^Pq, JP^iarcPQ, mAACP^x, 







sin X _ NP _ chord PQ 
•"• ir^JP'^ aicPQ • 
- sin X J chord PQ 



"^PQsO 



= 1. 



Hence 



// 



'JB=0 



tan J? _ ;. sm x 



arcP§ 
1 



X cos jr 



= 1, 



since 



It 



sm X 



1, and cos (0) = !. 



13. It^i 



jg*-l 
ar-l 



= n. 



Whether n is integral or fractional^ positive or negative, it may 
be expressed in the form — — ^ , where p, q^ and r are positive 
integers ; 



T-9 



• • 



x-l X— 1 



z'-l 



if s^sx 



^2 (g^~i)-(^'~i) 

2» Z-'-l 
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Therefore^ by dividing numerator and denominator by Js—1^ we 
obtain 

Now; when x=^l, z^l, and the actual value of the right-hand 
side of the above equation^ and therefore the limiting value of the 

other side, is - — - or n. 

r 






.% It^t - = n. 



14. It,^ (1 + x)' = e, where c is the base of the Napierian system 
of logarithms. 



Assume - = n. Then 

X 



Also by the binomial theorem^ we have 

1.2 \ »/ 1.2.3 \ nj\ n) 

When » becomes * « , the part of this series which involves 
negative powers of n vanishes, and the series becomes 

• = 1 -H + --rr -f , ^ ^ -»• &C. 

1.2 1.2.3 



^y 



••, Z/^(l + ar)' = e. 

15. Z,_i?i.^l±^.log..=^. 

X ® log a 

For ?°?^=log.(lH.^A 

... u^ ^"g'^l;"^-"^ =iog. {ft^ (1 + xj} 

X 

*log.c by (14) 

1 

*" log a ' 



Ill UMlTIKa YALDCS OF FUNOTIONS; 

Let a* - 1 = 5, 

/. x = loga (1 + s) 
and when x=0, z also vanishes^ 



X ^ log. (1 + «) 

-logfl, by (15). 

The reader will observe, that none of the above quantities have 
determinate actual values for the particular values assigned to or. 
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17* Let X and ^ be two variables connected by the equation 

F(x,s^) = (1), 

and let the equivalent explicit equations be 

^-/(*) (2), *=0(y) (s). 

Let X and tf, x + Ax and y + Ay, be any two pairs of values of 
the variables which satisfy the above equations. The quantities Aa^, 
Ay are called respectively the increments of x and y. Then^ em« 
ploying equation (2), we have 

3^ + Ay =^/(a? + A») ; 
whence Ay-/(a: + A^)-/(jp) (4); 

If we suppose x and y to remain unaltered, while Ar and Ay 
vary, equation (4) gives Ay as an explicit function of Ar. 

In the same manner we might have obtained^ from equation 
(3)^ the equation 

A»»=i/»(y + Ay)-</»(y) (5), 

giving Ax as an explicit function of Ay^ an equation which is 
obviously equivalent to (4). From the equations (4) or (5) we can 

igxpress the ratio -^ as a function of Ao; or Ay. This ratio will 

generally change in value as Ax and Ay diminish^ and since Ax 
and Ay vanish together, it will ultimately assume the indetermi- 
nate form - . Since, therefore, the above ratio ceases in this case 


to have a determinate actual yalue, we must have recourse to the 
idea of a limiting value, as explained in the previous Chapter. Let 
then dXy dy be any two quantities whose ratio is equal to the limit- 
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ing ratio of the increments Ax^ At^, when these increments approach 
zero^ so that 

^ s // -^ when Ax and Ay approach zero^ 

dx and dy are called the differentials of x and y. 
From equation (4) we have 

// ^ when Ax and Ay approach zero « Z/aso i"^ /^.j \ ' 

This limit must be a function of a? dependent on the form of (/), and 
is therefore written /'(j?). Being the coefficient by which the differ- 
ential of X must be multiplied to give that of ^, it is termed the 
differential coefficient ofy with respect to x* Hence we have 

From equation (5) we might have obtained, in a similar manner^ 

<P'(]f) being called the differential coefficient of x with respect toy, and 
being obviously the reciprocal o^f{x). 

The ol>ject of the differential calculus is to investigate the rcttib 
of the differentials^ or^ what is the same things the value of the differ- 
ential coefficients of variables connected by equations of different 
forms. From the preceding explanations the following definitions 
become intelligible, 

Def. When two variables x and y^ connected by any equation, 
receive corresponding increments, any two quantities whose ratio 
equals the limiting ratio of these increments when they approach 
zero are called the differentials of the variables ; and the coefficient 
by which the differential of x must be multiplied to give that of ^, is 
called the differential coefficient of y with respect to x ; and its reci- 
procal, by which the differential of jr must be multiplied to give that 
ofx, is called the differential coefficient of x with respect toy. 

As differentials are defined merely by their ratio to one another, 
their actual magnitude is perfectly arbitrary; this, however, does 

* By //A so u meant the limit when all the increments approach zero. In the above 
case since Ajt and Ap necessarily vanish together, it is the same thing as //A«c=o) or 

^/Ay=0* . ' 
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not render an equation involving differentials indeterminate^ since 
their relative magnitude is definite, and since, from the nature of the 
definition, it is impossible for a differential to appear as a factor on 
one side of an equation without another connected with it appearing 
on the other. 

18. It is sometimes convenient to view the differential coefficient 
under the following aspect. 

If X and ^ were so related that Ax and Ay were always in a 
-constant ratio (as is the case when x and ^ are the co-ordinates of 

a straight line), the ratio —^ would be the measure of the relative 

rates of increase of the variables. When, however, A^ and Ay do 
not preserve a constant ratio, the relative rates of increase of the 
variables will be properly measured by the limiting ratio of these in-< 
crements. Hence the differentials of the variables are proportional 
to their respective rates of increase, and the differential coefficient of 
^ with respect to x measures the relative rates of increase of y 
and X, 

19. As has been already observed, every equation between two 
variables may be regarded as the equation to a curve, and every 
proposition founded on such an equation admits of a geometrical in- 
terpretation. * The following geometrical illustration will aid the 
reader's conception of the definitions of Art. !?• 

Let PQB be the curve corres- y 
ponding to the equations (1) (2) 
and (3) of Art. 17- 

Since or, y and x + Aor, ^ 4 A^ ^ 
are taken to be values of the va- 
riables which satisfy the equations, 
they must be the co-ordinates of 
two points in the curve. Let these 
be P and Q so that we have 

OM==x/ON = x + Ax, MN^Ax, 
Om^MP^y, On^NQ^y-hAy, mn = QU=^Ay. 
Let PT be the tangent at P, T any point in it. 
^ Now suppose Q to move up towards P. As it does so, the ratio 

Ay QU TV 

-^ or rpj becomes more and more nearly equal to pp. the trigono- 
metrical tangent of the angle which PT makes with the axis of ^. 



n 




H. D. C. 
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QU 

When Q reaches T, QJJ and PU both vanish, and the ratio py. 

ceases to have any actual value, afler having approached indefinitely 

TV 
near to pp,. Hence 

PF" ^^PU" ^^Ax' 
TV and PV therefore satisfy the definitions of dy and dx. 

Since this is equally true at whatever point of the tangent T is 
taken, TV and PV may have any magnitude we choose to aasign to 
them, the only restriction imposed by the figure being that they shall 
be lines parallel to the axes and bounded by a point in the tangent 
to the curve. 

The differentials therefore are not indefinitely small (as they are 
sometimes represented) but of a purely arbitrary magnitude, their 
relative magnitude only being fixed. 

Their ratios, that is, the respective differential coefficients are 
evidently given by the equations, 

f{x) = ^= tan rPr= cot TPv, 

«'(y) = r^ = cot rPF- tan TPv, 

that i^,f{x), <p'{j/) are the tangents of the angles which the tangent 
of the curve makes with the axes of x and y respectively. 

The geometrical meaning of Art. 18, is equally clear. The 
assertion that dx and dy are proportional to the respective rates of 
increase of x and y merely amounts to this, that T^Fand PV measure 
those rates of increase at the point P, the increase of y being pro* 
portionally greater as the inclination of the tangent to the axis o£x, 
increases, and vice versa. The truth of this is apparent from the 
figure. 

In the case we have taken, x and y are increasing together at the 
point P, and all the quantities 

Ax {PU) Ay {QU) dx {PV) and dy {TV), 
and the tangent of the inclination of P 7 to 
the axis of x are positive. If an increase of 
X had corresponded to a decrease of y^ the 
figure would have been as below in which dx 
and dy have opposite signs; and the tangent 
oi the inclination of Pr to the axis of a: is negative. 
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Hence, f(j() is positive or negative according as an increase of « 
produces an increase or decrease of ^. 

20. The remainder of this Chapter will be devoted to the deter^ 
mination of the ratio of the differentials of variables connected by 
equations which can be reduced to an explicit form. The treatment 
of equations in an implicit form will be deferred to a subsequent 
Chapter, 

It may be remarked here, that the process of finding the differ- 
ential or differential coefficient of any function is called differentiating 
the function. 

21. Let ^"^ «! + «•+ +«•> 

Ui, t<a u^ being all functions of x. 

Let X receive an increment /^, and let the corresponding incre* 
ments of ^, «» w,, be Ay, Aw, Ak,. Then 

y + Ay = «, + Awi + w, + A«a + «» + Am^, 

.•. A^f = At/i + At/, + A?/.; 

. %„Attj . Att, Ak, 

•• Ax Ar "*" Ao? ■** Ar ' 

which^ being always true, is true in the limit. 

dy dui dug du^ 
'''di"'di'^'db''''*"di' 

or dy = dux + du^ + . . . du^ ; 

that is, the differential and differential coefficient of the sum of a 
number of functions are equal to the sum of the differentials and 
differential coefficients respectively of the several functions. 

22. Let y ^f(j*) + C, where C is independent of x and y. 
Then, if Ay, A/'(4?) be the increments of y and f{x), corresponding 
to an increment Ajt of x. 

Ay = A/(x), 

since the change of x into x + Ar does not alter the value of C, 

. Ay^A/V). 
• * Ar Aa; ' 

therefore, in the limit, 

dy ^ d/(x) 
dx dx ' 

or dy = d/(x), 

2—2 



1 
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Since we should have had by (21), if C had been a function of or, 

dy = df{x) + dC, 

this result may be expressed by saying that the differential of a con- 
stant is zero. 

23. Let ^ = ^1 • <<» 

Uy and «9 being functions of x. Then, with the same notation as 
before, 

3( + Ay = («, + A«,) (tt, + Aw,), 

. *. A^ = tt, Ati, + t/g At^i + Atii Att,; 

At/ At/. At<, Au, . 
Aj? ' Ar Aj: Aj; 

When we approach the limit by making the increments approach 
zero, the last term becomes ;t-^ • ^^ • Au. ; which (since -^- is gene- 
rally finite, and UAug = 0) equals zero, 

dy dua dui 
dx dx dx ' 

or dy = f/i i/f/g 4- Ua c/tti* 

24. This rule may be extended to the case where y is the pro- 
duct of any number of functions of x. Thus, let 

Then, by (25), dy-duy,{u^.., u^ ■\-Uyd{u^,.. «,}, 

tii . . . f/. «i ttg . . . tt, ' 

Ua . . . t<„ t<, t/s . . . tt. 

By substituting this value in the former equation, and continually 
repeating the process, we obtain 

d {«, . . . I/,} ^ duy du^ du^ 

a theorem of which the result of the preceding article is a par- 
ticular case. 

25. If ^ = ^f{^\ where C is independent of x and y^ 

Ay = C A/(x), 



^ U1.1. «|J,.._. J 
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which being true in the limits we have 

dx dx ' 

or dy = Cdf{x) ; 

that isj if a function of x is multiplied by a constant, its differential 
and differential coefficient are multiplied by the same constant. 

26. Letj^ = ^. 

With the usual notation, we shall have 

. tti + Am, 

- M, + Aw, t«, 
••. Av= X , 

^ u^Ux — t«iAi«2 

~ Wa(Ma + Awa) * 
Ate, Af/a 

Ar u^ («a + Awa) 

Therefore, in the limit, we have 

dux du^ 

dy * dx ^ dx 
dx u^ 

27. Let y = J?*, » being any "number whatever. 

Then Ay = (a: + Ax)" - a;*, 

Ay_ (j? + Axj^-j* 
* ' S" A5 

Ar\« 
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Let 1 + — = z. Then when Ax approaches 0^ z approaches 1 ; 

X 

•• dx '^ "-' z-l 

The value of this limit has been found in (13), and =n, 

ax ' 

or dy—naf^^dx. 

From the results of this and former articles, we have, if 

y = a + 5j? + cjc* +paf*, 

dy^{b + 2cj? + '\-npjif^^} dx. 

28. Let y » log. x. 
Then Ay = log. (a? + Ax) — log, x ; 

. <r + Ax 

A* A* 

1 log.{l+a} jf^^jj^ 

X Z X ' 

And when Av approaches zero, z approaches zero; 

OX X Z 

This limit has been found in (15), and =:j ; 



" dx X log a ' 

, 1 dx 

or aw =:i • 

•^ log a X 

Hence, if ^ = logx, this becomes 

, dx 

dy= — , 

^ X 

log X meaning the Napierian logarithm of x. 

29. Let y = a*. 
Then Ay = tf^^-a'; 

•• "Ax-'^^'aS"' 

dy _ ,, g^*~l 
•*• d^"^ "^ Ax • 
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The value of this limit has been found in (l6), and = log a. 

... | = log«.a', 

or % = log o, . a'dx. 

Hence if y-^> 

dy = f^dx, 

30. Let y = sin x. 

Then Ay = sin (x + Ax) - sin a? 

= 2 cos (j? + ^ Ar) sin 5 Ar ; 

Av , , A \ sin^Aor 

••• S=^^'('^"*"^^^-~lA^^ 

c?y », / I A N^in iAx 

••• ^=«A==oCos(ar+tAr)— i-^^, 

and //a=o cos (a? + 5 Aa:) = cos jt, and Z/a_o ~rA — = ^» ^J C^^)* 

.% ^ = cos X, 

or ^ = cos X dx, 

31. Let ^ 8 cos or. 

Then A^ = cos (x + Aa?) - cos x 

= - 2 sin (a? + 5 Ar) sin ^ A^; 
Ay . , ^ . sin^Aar 

dv , . ^ ... sin XAx 



2 

sin ^.y 
and //a«=o sin (a? + 5 Ao?) = sin ar, and //a=o i^/r ^^' ^7 ^)> 



... ^ = -8.n*, 
or dy — — sin xdx, 

32, Let y = sec a?. 

Then A^= sec (a? + Ar) - s^c x 

1 1_ 

~ cos {x + Aa?) cos x * 

2 sin (a? 4- ^ Ar) sin | Aa? 
"" cos X . cos {x + Aa?) ' 
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Ay^ sin (jf-f-^Aj) sin ^ At 

Aj: cos X . cos {x + Ar) ' ^Ajr ' 

«..;i 7/ 8in(j? + ^Ar) sin j: .. siniAr , , , ^ 

*°^^^ cosx.co8(l^.A^) =33i^' '»*'''^-ll^ = »' by (12). 

c(y sin J? 
</« ~ cos* X ' 

, sin X , 
or d« = =— .rfjr. 

•^ cos" « 

3t3. Let y s cosec x. 
Then A^ = cosec (x + Aa?) — cosec j? 

1 1_ 

sin (or + Ar) sin x 

_ 2 cos (j + jAr) sin ^ Ax 
sin X . sin (x + Ax) ' 

Ay_ cos(x + ^Ax) sin ^ Ax 

Ax sin X . sin (x + Ax) * ^Ax ' 

AnH //. cos(g + ^Ax) cosx sin ^Ax . ^ , , 

^^ ^^^- sinxsin(x + Ax) = ^ii?^ ^ *^^ ^'^ "p5~= ^' ^^ ^^^^* 

«?y _ cos X 
6te "~ sin* X ' 

J cos X , 

sm* X 

34. Let ^ = tan x. 

Then A^ = tan (x + Ax) - tan x 

_ sin (x + Ax) sin x 
cos (x + Ax) cos X 

sin Ax 
cos X . COS (x + Ax) ' 

. %^ 1 sin Ax 

Ax cos X . cos (x + Ax) * Ax ' 

""^ *^ C08 (x\ Aa,) = ^ ' '"'^ ^'^-^^^ ^ »>y (12)' 

• • J ^ sec Xj 
or rfy =: sec* X <fo. 
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35* Let y « cot jr«. 

Then Ay « cot (jr + Aa?) - cot » 

_ cos (jc 4- Ar) cos a? 
~ sin {x + Ar) sin x 

sin A^ 



sin or . sin {x + Ao?) ' 

Ay __ 1 sin Ajp 

Ar "~ sin a? sin {x + Ao?) Ao? ' 

_ _ 1 J gin A/p « r \ 

and Ua^-t—j — —r-r =-; , and /<a=o a = 1> ^7 C^®)^ 

sin ( j: + Ar) sm « * ^* Ar > • v / 

. ^^ 

.•. ^ = — cosec' or, 

or <i^ ■» — cosec" »r dx, 

36. Let y = sin~* x. 
Then j? = sin y, 

.*. (fa? = cos y dy^ by (SO), 

•^ cos y 
or> expressing the differential coefficient in terms of x, 

37-^ If it is required to find the differential of the inverse sine 

"without assuming that of the direct sine, we must proceed as 

follows: 

y = sin""*a?, 

.*• siny = dr, 

.*. sin (jy + Ay) — siny = A^p, 

.'. 2 cos (y + i Ay) sin ^Ay = Ax, 

. ... sin AAy Ax 

and Ue^ cos (y + JAy) = cos y, and ^A=o ^'a^ ^ - 1, by (12), 

dx 
.% ^ = cosy-^(l-x^, 

•*• dy^-TTi — zj^dx. 
^ V(l-**) 
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Since the steps in the determination of the differential of the 
inverse function are precisely the same as for the direct function^ it 
is needless to repeat the independent proof for cos'''^^ secr'j?, &c., 
as the reader will be able to supplj it without difficulty when re- 
quired* We shall therefore deduce the differentials of these func* 
tions from those already found. 

38. Let y = coar*a:. 

Then x «= cos y, 

.*. rfx= — sinyrfy, by (31), 

.*. dy^ — i — dxy 

^ smy 

39. Let ysssecr^ar. 
Then x^^it^y^ 

J cos'y , 1 •» 

.'. dy^—, — ^dx^T- — dx, 

'^ smy tan y gee y 



or 



40. Let y — cosec~* x. 
Then x = cosec y, 

.'. dx = - ^?\^ dyy by (S3), 
sin"y ^ .^ \ / 

sin* v 1 

,% dii = — — dx =s — dXi 

^ cos y cot y cosec y 

or dy^ 77-j — TT^** 

^ «is/(«'"-l) 

41. Let y= tan"* J?, 

Then x = tan y , 

.-. dx = sec"y cfy, by (34), 

•^ sec" y 
or (to = - — -5 dx. 
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42. Let^ = cor*«. 

Then 4? = coty, 

/. Ja? = - cosec*^ cfy, by {35)y 

^ cosec"^ 



it 



or 4y = — , ' . c?Jf. 

•^ 1 + 
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43. Let y = versin~* a?. 

Then a = versin ^ = 1 - C50s y, 

.*, tjx = sin ^ £?y, by (31), 

^ sm y 
and 8my = 7(l-cos"y) = ^/{l-(l-*)"}-^/(2Jt-a:«), 

44. Let y = suversin"* x. 

Then a: = suversin y = i + cos y, 

.'. dx= — sin y rfy, by. (28), 

.-, dy = — : — dx, 
^ sin y 

and sin ^ = V(l - cos" 5^) = ^{1 - (or - 1)«} = ^(2ar - ar«), 

45. We have now shewn how to differentiate all the simple 
functions which <M'dinarily occur in analysis, as well as any func- 
tion formed by the addition or multiplication of any number of 
them. It remains to differentiate functions compounded of these^ 
simple functions, such as log sin x, d'^"^ *^% cos (a + hx)*, &c. All such 
functions are included in the general forms f{p (a?)}, /[^^ {>/r (*)}1 
&c., where y^ 0, >//-, &c. denote simple functions already differentiated. 
The following theorem will enable us to differentiate such compound 
functions. 

46. Let y^fWip^)}' 

Denote ^ {x) by t#, so that the above equation gives 

« = 0(«), 
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Let Ax> An, Ay be corresponding increments of u, u, y, all of 
"whicfa evidentlj vanish together. 

If du is the differential of u corresponding to the differential dx 
of X, it is determined by the equation 

du — <p' (x) dx ; 

and if dtf is the differential of y corresponding to du^ it is determined 
by the equation 

And> substituting the above value of du, we have 

d!f--f{ti)<p'{x)dx, 

which gives the required relation between dy and dx^fiu) and <p>'{x) 
being determinable by our previous methods. 

47* The correctness of the above result may not appear quite 
obvious^ because we have in effect defined dy, not by the funda- 
mental definition 

s-o-s « 

but by compounding the two definitions 

du ,, A« ,^. 

""l-'-i w 

This is however immaterial since the last three equations are not 
independent, any one of them being deducible from the other two. 
Thus from (2) and (3) we can obtain the same value of dy as that 
given by (1). 

For %^-%^. 

Ar Afi Ao;' 

By equations (2) and (3) this becomes 

U AV-f^ dudy 

which is identical with equation (1). 
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48. The following proof of the above proposition is free from 
the apparent difficulty. As before^ let 

^ = <t>i^l (1) 

and /. y=f{u) (2) 

Let A^r, ^u. Ay be corresponding increments of or, u, y^ which 
all vanish together. 

Then ^ = fo,_.^ = ft^_.^J?^. 

dx "°Ajr -"Am Ao: 

But from (l) and (2), 

At/ Atf 

ftA=, -j^ =/' («), and ftA=. 2i = *' (*) ; 

and dy ^f («) ^' (j?) dx. 

49. The last article gives the proposition in a form which^ consi- 
dered as a mere proof of the theorem^ is preferable to that of Art. 46. 
The former proof has been retained for the purpose of shewing more 
clearly the connexion between the equations (1), (2), (3) of Art. 46. 

The student will perceive that such equations as 

dy dy du 
dx du dx'* 

may be used without fear of error. 

This is self-evident, provided the differentials which enter twice 
have the same value in both places^ which (as appears by Art. 47) 
will be the case^ even though they are defined on the one side by 
equations (2) and (3)^ and on the other by equation (1). 

50. The introduction of the new symbol (w) for <f>(x) may be 
dispensed with^ when the process of differentiation will take the 
following shape^ 

.-. dy^df{(p{x)}, 

^f{<t>(x)}d<t>{x) 

/'{0(x)} being the same a8/'(M)., that is, the same function o£ <p{x) 
which/' (j?) is of j?, and therefore determinable by the rules above 
investigated. 
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51* In like manner we may differentiate «, where 

For putting ti s ^ (x), 

and y^f{u\ 
we have z = F{i/) ; 
.'.dz = F'(yl 
dy =/' (tt) rf«, 

.\ d2 = F(j/)f{u)ip\x)dx, 
or without introducing any new symbols, 

dz = F' lf{ip {x)Y\f {<p {x)}<p' (x) dx, 

and the theorem may evidently be extended to expressions com- 
pounded of any number of functions. 

53. The following examples may serve to illustrate the method 
of differentiating any explicit function of one variable. 

(1) Let y =/ (a?) = ba' + ca"*. 

Then di/ = bda' + cdar', by (25), 

and daf = log a . a'dx, by (29), 

and da'' = da% if « = - jr 



=: loff a . o" du ) 
^\oL.a-(-dJ' by (29) and (46). 



= logo.a'^(-rfj:) 

.% c/y = log a {ba' - ca"} rfj?, 

and /' («) * log a {ba' - ca"*}. 

The actual introduction of a new symbol is useless where the 
function of a?, which it represents, is not very complicated. Thus 

(2) Let y « log sin x =/(«). 
Then dy ^d log sin ^ 

d%m X 



sm« 



, by (28), 



cos X dx 
.*. dy = — ; = cot X dx^ by (30), 

and /'(or) = cot or; 

where the process is evidently the same as if we had substituted 
u for sin x» 
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(S) Letj^ = a^'^^»>'=/(a?). 

Then Jjf « log a . o^"^-*-)" d {(x log xf\ by (29), 

- log a . «(•»««•>" {« (or log *)-» rf(ar log *)} by (27 j, 

« n log a . a^'*^'^' jf* (log a?)*"* {(ia? log « + jr rf log x\ by (23), 

^ « log a . a^'"«*^' ar^* (log «)-' (1 + log x) dx^ (by (28), 

and/ (or) = « log a . a^'»««')" a:^» (log j?)-» (l + log*). 

(4) Let ^ «: tan (cot"* op), whence ^ = - . 

We will find dy from each form of the expression as an illus* 
tration of Art. 46. 

From the second form of the equation we obtain immediately, 
since 

Also from the other expression we have 

y * tan Uy if M = cof* a?, 

,«. dxi « sec* u du^ and du = ^ = , 

, sec'w , 

1 



1 + _. 

dx 



cot'w 



1 + «» 

i%/^ 

dx 

9 , as before. 

x' 



For examples on this and other parts of the subject^ the reader is 
referred to Gregory's Examples in the Differential Calcult^s, 

53. The results of this Chapter are here collected^ and should be 
<»refully remembered. 

Ify =/(x) =/(*) +/,(*) .,./^(x), 
'dy'^d/,{x) + dflx) + ... 'dfj,x\ orf{x) =//{x) ^-f^{x) + .../,'(x). 
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dy =/.(*) df,(x) +/.(*) dM^), otf{x) =/.(«)/.'(x) +/,(ar)//(«). 



_/.(*) 



= C/,(x), dy^Cdflx), /(*) = C/,'(*), 

= 0*, ify = log a.a' dx, f (jt) = log a,(f, 

= sin jr, <;y = cos x dx, f'{x) = cos x, 

= co8a, dy=^~Bmxdx, /'(«) = - sin x, 

, sin X , ^w V sin x 

^ cos** ' •' ^ ' cos'x' 

J cos* , -r V cos* 

= tan *, d^ - sec' * cLr, /'(*) = sec" *, 

= cot a?, </^ = - cosec* * dx, f (x) = — cosec* of, 

= sm^*, dy = —r, =r, /Y*) = — 

= cos"* *, dy = —j^ rr^ , fix) = — r-— — 



= sec"' *, 



= cosec"* *, dy == — ^ ^ . /'(r) = " ^ 

• 1 1 dx 1 

' ^ V(2*-*0' ^^^"Ji^x-j^y 
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,y^/(a!)=^F{u) and u^i>ix\dif^F'(u)ipXx)dx, f {x)^ FXu)ip\x). 

These results are expressed both in the notation of differentials and 
of differential coefficients, in order to familiarise the reader with 
both. Both notations express the same fact, namely, that the ratio 

-^ is equal to a certain function in each case, and, so far as we have 

carried the subject at present, may be used with equal convenience. 



H. D. c. 



CHAPTER IV. 

INTEGRATION. 

54. In the preceding Chapter we have shewn how to differen- 
tiate any explicit function of a single variable, that is, having any 
equation of the form y =/(jr), we have shewn how to deterriiine 
the value o^ f.(x) in the equation dy-f\x)dx. 

Integration is the converse of differentiation^ that is^ it consists 
in finding from any differential equation dy=-f(x)dx the integral 
equation y =f(jjc), from which it has been derived. 

The symbol (/) by which this operation is represented is the 
converse of the symbol {d) which represents differentiation^ and is 
therefore defined by the equation 



/■ 



/• 



dy=y. 
Hence, ii/'{x)dx\s the differential of/(jr), 

^f\x)dx^f{x\ 

f(x) is called the integral of /'(a?) dx^ or sometimes, though not very 
correctly, the integral of/'(j?). 

55. From the nature of the rules which define a differential, 

the form of f'(x) can always be determined where that of /(x) is 

Af(x) 
given. We have only to find —jr^> and determine its limiting 

value, and /'(*) is known. No such general method of integration 
can be found : for since the integral of any differential is defined to 
be the function from which it may be obtained by differentiation^ we 
can integrate those functions only to which the differentiation of 
otiier functions has chanced to lead us. Thus, if we are required to 
integrate any function <p(a:)dx, we cannot be sure that the process is 
even possible, that is, we cannot say that there is any function whose 
differential is (p {x) </x, unless we have observed that this quantity, or 
some other to which it is equivalent, has been obtained by the dif- 
ferentiation of some known function. It will, however, appear here- 
after that all functions of the form (p (x) dx can be integrated in the 
form of infinite series, although there are very many whose integrals 
cannot be expressed in finite terms by any of the ordinary symbols 
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of analysis. The method to be pursued in integration "will therefore 
be, first to collect a number of integrals by examining the results of 
the differentiation of some simple functions, and then by various 
artifices to make the integrals of other functions depend upon those 
so determined by inspection. In this way large classes of functi(uis 
have been integrated in finite terms, although many are incapable of 
such reduction. 

56. Since (Art. 22) /(j?) + C and /(x) have the same differential 
f\x)dx, it follows that we may take as the integral of /'(ajdx 
either of the above quantities, giving to C any value we please in- 
dependent of X. tience it appears that while there is only a single 
differential of a given .function, there is an indefinite number of in- 
tegrals of a given differential, all of which are included in the general 
form/(ar) + C, where C may have any value independent of j: which 
we choose to assign to it ; C is called an arbitrary constant, and must 
be added to every integral in order to express it in its most general 
form. Where, however, the form of (/) is the only object of the in- 
vestigation, the particular integral /(x) is often spoken of intead of 
the general form /(x) + C* 

57* By considering the differentials o£f(x) and x as measures 
of the rates of increase o£f{x) and x respectively (as explained in 
Art. 18), the problem of differentiation may be said to be — Having 
given a Junction of x, to compare its rate of increase with that of x; 
and that of integration. Having given the ratio of the rates of tn- 
crease of the function and the variahUy to determine the Junction, 

Now it is evident that, for a given function, the rates of increase 
can have but one definite ratio for a given value of the variable, 
whereas an indefinite number of functions, differing only by constant 
quantities, will have the same value of this ratio. 

Thus we may draw as many parallel straight lines as we please, 
in all of which the rates of increase of the co-ordinates have the 
same ratio, since they depend only on the inclination of the line and 
not at all upon its distance from the origin. If y » mo? is the equa- 
tion to one of these lines, they are all included in the general form 
y =* mx + C, where O is perfectly arbitrary, and all have the same 
value of the differential coefiicient The equation to each may there-* 
fore be obtained by integrating the same differential equation 

dfy sa mdx, 

3—2 
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To take a more general case. Referring to the figure of Art^ I9.9. it 
is clear that an infinite number of curves may be drawn having 
their tangents at the extremities of a common ordinate^ equally in- 
dined to the axis of j;. The equation which includes the whole class 
of curves is y =/(ar) + C, where C is arbitrary, since the addition of 
a constant to every ordinate merely changes the distance of the curve 
from the axis of x, -without altering its form or the inclination of its 
tangent. In all these the differentials therefore have the same ratio 
for the same value of x, and any one of the equations may be ob- 
tained by integrating the differential equation dy ssf'^x) dx which is 
common to them all. These observations shew the meaning of the 
proposition established in the last article. 

We shall now proceed in the empirical manner indicated in 
Art. 55,, to determine the integrals of the differentials given in 
Art 53.^ and some others immediately deducible from them. 

58. Since 

d {/i W +/,(*) ... +Mx)} = df,{x) + df,{x) + ... df,{x), 

.-. /i W +/, W +/- W = \WM + dMx) + ... j/,fx)}, 

^^ fl/iX^) +/«'W + . • .//W} dx = j//{x) dx 4 jf,\x) dlr . . . + j/:{x) dx, 

that is, the integral of the sum of any number of functions equals 
the sum of the integrals of the several functions. 

59. Since d C/(x) ^ C d/(x), 

.'. C/{x)^jCd/ix)=jCf{x)dx, 

or fCf{x) dx=C [f(x) dx ; 

that is, if the quantity to be inte^ated is multiplied by a constant 
factor, the constant may be placed outside of the sign of integration. 

60. Since d (pf) ^^^ nx^^ dx, where n is any number^ integral oj* 
fractional, positive or negative, different from zero, 

or lafdx = r + C, 

J n+1 

where n is any number different from - 1 ; that is, to integrate 
any power of x except - we must increase the index by unity and 
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divide by the index so increased^ an arbitrary constant being added 
to obtain the general integral. 

61. Since (flog or = — , 

X 



.*. I — = log X + const. = log Cxy 



if we write the arbitrary constant in the form log (7. This deter- 
mines the integral of a:" in the case excepted from the previous 
article. Hence 



/ 



X or x^ 



- j^+i ^ e p 

= a --¥b—... + cx + d\ogx -♦.-^^ tt— ==t + C. 

«+l w ® or (m-l)x*-* 

62. From j — we can find i .. , — sr as follows. 
Let a^d::a'=: u', 

cLr dfu dx -{-du 
' ' u X x-hu ' 
/■ dx ^ Cdx __ Cd(x + u) 
Jn/(^*0 J^ " j ^ + w ' 
= log (a? + m) + const, 

writing the constant in the form log — to give the integral a more 

convenient form. 

63. From the same integral we can also deduce the values of 

[ dx J f f^^ 

For -5 9=2r\ + ty 

and rf (a — ar) = — dx^ and rf (a + a:) = dlr; 
f dx __ 1 f dx 1_^ r dx 
" Ja'-a:^~'2aja + x 2a J a-x' 

_ 1^ C d(a + x) __ j_ f d(a-x) 
" 2a J a-hx 2a J a--x ' 

. = *- log (« + •^) - 3- log (a - d:) + const. ; 
^a ^a. 

f dx 1 , ^« + J? 

J a'-x' 2a ® a-ar 
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, ( dx _\_ C dx I r dx 
' ' J x*-a" "^ajx-a 2a J x-\-a^ 



" 2a J x—a 2a J x + a 

= ^^^og(x^a)--^\og(x + a) + const.; 

f dx 1 , Av*~^ 

/dx 
X^(a ^XT) 

For let Jt = -, .'. log x-\oga — log u ; 

dx du 



• • — 9 

X u 



and 



Jiji'-^x") 



f dx ^ f du 

1 f du 
— ajjiu'^l)' 

therefore, by Art. 62, 

f dx _ 1 , .^ * 

65. Recurring to Art. 53, we find 

d(a') = \oga.a*dx^ 

J log a 

If a = e, this becomes, i ef^dx = e* + C 
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. Again, dainx= cos x dx, 

.*. j cos xdje = sinx + C» 
And since d sin mx » cos mx d (mx) = m cos mx dx, 



,../, 



cos mx (£r = — sin wwr + C. 

971 



Similarly^ d cos mx =s - m sin mx dx, 

••. jsi 



sin mx dx — — cos mx + C* 
m 



Also, d tan mx = m sec' «i j? d^ ; 



•••/ 



sec' wi J? dx = — tan wm: + (7. 
m 



And <f cot ma? = — wi cosec* mxdx; 

.*. I cosec* mx dx = cot mx + 0, 

J m 

Again. if am ^ =_^ = -^^-,-^^ ; 
So also, since d cos ' - = — ^' 



f dx -1* ^ 

*'• 1-77^1 i\ = - cos * - + CI 



Here we have obtained a second form of the same integral, but 
since 

» y X % X TT 

sm""* - -f cos"^ - =: - = const, 
a a 2 

the two expressions include precisely the same system of values 

when all possible constant Values are given to the arbitrary con« 

stants. 

_i X \«/ ^ dx 



Again, daec~^ - = 



« f /K^i) *V(*'-^0' 



■••/^ 



ciaf 1 1 X ^ 

-J- =! - sec*"^ - + cX 



J(a^-a^) a a 
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As in the preceding case, this integral might have been expressed in 
the form 

— cosec"* - + (7, 

which may be shewn as before to be identical with that already 
given. 

Since «?tan-'f=— i£4=-^.. 

As before^ we might have obtained the equivalent form 

-icot-'?+C. 
a a . 



Since d versin"* - s= 



^ //gf^l'l V(2fl*-^0* 



f dx • . X 



or =^^ suversin"* - + C. 

a 



66. Collecting the results of the preceding Articles, we have 
^^^ ~ nTl "^ ^ ""^^»s n =. - 1, and then 



/ 

fdx 

/ 
/ 
/ 



^/^ 1 , or 

^•^ 1 , ^fl + or 
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dx 1 1^ ^ 

= - sec-* - + ft 



] X J(x^ - a') a """ a 



/ 
/ 
/ 



= versm-* - + (7, 



J{2ax ~ x^) a 



a' 



a* Jot = = 4 C, 

log a 

sin w« dx « cos wio; + C, 



cos mo? dx = — sin wio: + C, 

m 



sec' mxdx = — tan ww; + C, 



cosec' mxdx = cot tax + (X 

m 



The above are Uxmedifundamenldl inlegralsy and should be care-t 
fully remembered. . , 

All other integrals are obtained by reducing them to some one 
of the above forms. 

It may be observed that where the function under the integral 
sign is homogeneous in x and a, the integral is also homogeneous 
and one dimension higher in terms of x and a ; or of the same 
dimensions^ if we consider c2x as of the same dimensions as x. 

The remainder of this Chapter will be occupied with various 
methods of reducing the integrals of several classes of differentials 
to some of the fundamental forms. 

Integration by Algebraical Transformations, 

67. An integral may often be reduced to the form of one of 
the fundamental integrals, or to the sum of two or more by simple 
algebraical transformations. 

As an example, we may take the following : 

f dx _ f dx 

^ r dg + x) 

2 ^ ,2a?+ 1 ^ 
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The student will find numerous examples of the application of 
this method in Gregory's Examples^ p. 246, et seq., with which he 
should make himself familiar. 

Integration hy Parts. 

68. The following theorem is often of great use in reducing 
integrals to the required forms. 

Since d{uv) ^udv-^vdu, 

u and V being any functions of a yariable x, 

,\ uv- judv-h jvdu^ 

.'. judv^uv— Ivdu (1). 

This is called the formula of integration by parts, and enables 
us to integrate any function udv if the liinction vdu is in an inte- 
grable shape. 

K As an example of its application^ we may take 

^x log xdx. 



}• 



Assume logx^^u, and xdx^dVf 

* dx , . x* 

whence — = duy and — = t;, 

X * 2 

the arbitrary constant being omitted in the value of o for the sake 

of simplicity^ since the formula holds when t; is any quantity whose 

differential is dv. The constant would, in fact, disappear from the 

result if it had been introduced. 



Hence I x log xdx= judv^ 

= uv— jv 



du by (1), 
a^ , fa^ dx 

= -log*-- + C, 

The student is again referred for examples to Gregory's Exam- 
ples, which he is recommended carefully to study in all parts of 
the subject. 
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Rational Fractions*. 
70. A rational fraction is a fraction of the form 

iirhere the indices of x are all positive integers and the coefficients 
constant. 

If the numerator contains powers of or as high or higher than any 
in the denominator, the fraction can always be reduced by division 
to the sum of a rational integral function of Xy and a rational fmc* 
tion, in which the largest index which occurs in the numerator is 
less by unity than the largest in the denominator : the first part of 
this can be integrated by inspection, and therefore we need only 
consider those rational frictions in which the dimensions of the 
numerator are less than those of the denominator. 

Rational fractions are integrated by resolving them into the 
sum of a number of fractions with simpler denominators, called 
partial fractions. 

71* This can always be done as follows. Let the rational 
fraction be 

where m is not greater than it - 1. 

Let the equation ^=0 have one real root equal to a, r real roots 
equal to 5, one pair of impossible roots equal to a ds/SJ^—l), and s 
pairs of impossible roots equal to of^fi'J{^l), which comprise all 
the forms in which the roots of any rational equation can occur. 

A«„mp ^ ^ . Br , B^, ^ B, M+Nx 

Assume ^ = ^.« + (^Z67+(jt-.67-»'--"*'^I7"*";c«-2a*+a'+^ 

K.^L.x K, + L,x 



Then real values of A, B^ Br-i . . .5p M, N^ K,,..Ki, L,,.. L„ 
can always be found to satisfy ftls equation. For by multiplying 
both sides of the equation by F, we obtain an equation 

U-/(x) = (2), 

* Those readers who are not familiar with the Theory of Equations are recom- 
mended to omit the remainder of this chapter. 
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where Uh a, rational integral function of x of not more than (« — 1 ) 
dimensions, and /(or) a rational integral function of (n — 1) dimen- 
sions, in which the coefficients of the several powers of jrare linear 
functions of the indeterminate quantities A, Br^ &c in equation (1). 
In order that the two sides of equation (l) may be identical, the 
coefficients of the several powers of x in equation (2) must vanish*- 
This condition will give us n linear equations to determine A^ B,y 
&c. Now the number of these coefficients is evidently equal to the 
number of roots of V^O, that is, to n, and therefore the n linear- 
equations will give real values of them which satisfy equation (l)» 

Hence j^ may always be resolved into partial fractions of the forms 

assumed in equation (1). 

If the dimensions of U had been greater than n — l, this method 
would have failed, because the coefficients of the higher powers of 47 
would have contained none of the indeterminate quantities, and 
could not therefore have been made to vanish by assigning particular, 
values to these indeterminate coefficients. 

If the equation V^O contains more than one of each of the faur 
classes of roots, we must add partial fractions of the forms above 
given for each of these roots, and it will appear, as above, that real 
values may be found for the indeterminate coefficients which will 

satisfy the assumption. By this method lydx, where -p. is a' 

rational fraction, may always be reduced to the sum of a number of 
integrals of the forms 

[ Adj! f Bdx C (M + Nx)dx f (K+Lx)dx ■[ 

The two first of these are integrable by inspection, the third can 
always be integrated by the algebraical artifices before considered, 
and the Ust may be reduced to .the third form by the method of 
reduction which will be investigated below. 

Hie general method of deterniining the partial fractions above 
given is often very laborious, and may be simplified in practice in 
the manner indicated by the following examples. 

72. Let F= have neither equal nor impossible roots. We may 
then proceed in every case as in .the following exiample. 
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XJdx c xdx 



• tUdx _ r xdx 

j~7^"j(ar-a)(ar-6)(ar-c)- 

rp, X ABC 

Then assume -, t-, it-, r = + r + 



(fp. T «) ("J; ~ ^) (-sp - c) 0? — a x—b X — G* 
,•. * = -4 (d? — 6) (or - c) + J3 (j? — fl) (a; — c) + (7 (a? — a) (j: — ft), (l ) 

Since this must hold for all values of or, 
let x — a, .'. a = -4 (a — ft) (a — c), 

a: = ft, .*. ft = ^ (ft — a) (ft — c), 
j: = c, .*. c = (7 (c — fl) (c — ft), 

which equations determine A^ B, and C; and then 

/ grffj? CAdx CBdx C Cdx 
{x — a)(x — b)(x — c) Jx — a jx-b j x — c* 

= A log (a? — fl) + jB log (a? - ft) + C log (jr - c). 

73. If we had pursued the method of Art 7l> we should have 
determined the values of A, B and O, by equating the coefficients 
of or* and x and the constant terms of equation (1). This would 
have given us the equations 

= A+B+O, • . 

1 = - ^ (ft + c)- jB(a + c) - C(a + ft), 
O^Abc + Bac + Cab, 

which give A, B, and C though less readily than the equations of 
the last article. 

74. Let F=^Q contain equal roots but no impossible ones, as in 

t  f (x* + x^ dx 
the example j^^^-^^j^^. 

x' + x Aa Ai B 
Assume . .-^ — -tt = 7 ^ h + 



(a? - of (x-b) {x — ay x — a x-b* 
,\ a^ + x = Aa (x— ft) + ^1 (a? - a) (x — b) + J5 (j? — a)* . . . (a). 

Let x = a, .*. a' + a = ^8(a — ft) ...... (1), 

therefore subtracting, 

(x^-a') + (x-a) =-A2{x-a) + A, (or- a) (x^b) + B(x-a)% 
and dividing by a? - a, 

a? + a + 1*^8 + -4, (a? -ft) + 5 (a? -a) (J3). 

Let a? = a, .*. 2a + 1 =-42 + -4, (a -ft) (2).* 

* This step is admissible although we have previously divided by o^ — a, be<!aos^ 
(a) and.(/3) are not equations for the determination of or, but identical equations. 
Thus when the proper values are given to Ag, Ay and B both sides of equation (/3) 
become ir-)-a4- 1> and must therefore have the same value when x is put equal to a. 
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B may be determined by putting x^h either in (a) or (fi) ; the 
former is preferable, as it gives B independently of A^ by the 
equation 

5'+5-J5(6-ay (3). 

Equations (1), {9), and (3) give Af) A^, and B, and 

« — -i + u4, log {x-a)-^B log (jir - 6) + (7. 

The same method applies when there are more than two roots equal 
to a, by repeating the substitutions and subtractions. 

75. Let V^O contain unequal pairs of impossible roots^ as in 

, [ {x-c)dx 

the example j^^^^^^^.^^^^^,^. 

. d:-c Ax-^-B Cx + D 

-Assume X » , »x/ a ^, , ,/v ^ . , ^, + 



/. or - c = (-4* + -B) («■ + 6ar + 50 + (O + D) («■ +a") . . . (o). 

Let jr'«-a'; an assumption which we are at liberty to make, 
since the above equation^ being identical, must be true even when 
impossible values are given to x; 

.'. x-c^ (Ax + B) (bx + ft'- a*), 

= {A (b'-a") + Bb}x'Aba* + B (b'- o'), 

which cannot hold unless 

1=^ (&'-«•) + 56 (1), 

and -c = -^ftfl«+B(ft'-«') (2). 

Equations (1) and (2) determine A and B; C and D may be 
determined in exactly the same manner. 

Thus, in equation (a), let j:* = — (5a? + b'), 

A a?-.c = (ar + D)(a'-6jr-6'), 

= - Cbx'+iC (fl*- 50 - D5} X + D (a*-50, 
« {e(5* + a«-50 - D5} « + C5 5'+ D (a'--b% 
which cannot hold unless 

l«e(5» + a«-50-l>5 (3), 

-c=C55'+D(a'-50 (4). 



t^mm 
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. Equations (3) and (4) determine C and D ; and 

t (x'-c)dx f (Ax + B)dx UCx + D) dx 

J(x' + a')(a^ + bx+b')~'J ^+a» "*■ J a:" + 6a? + 6' " 

These integrals can be found for all values of a, b, V by alge- 
braical methods. 

When only one partial fraction remains to be determined^ as in 
this example after A and B have been founds it may be done by 
substituting for the other indeterminate quantities in (a) their values^ 
and dividing by the coefficient of (Co? + D). This is generally a 
simpler method of determining the last partial fraction correspond- 
ing to a pair of impossible roots ; we shall employ in the following 
example. 



I 



^» A^ A^ Ox^D 

.-. a:»=^^8(ar«+l) + ^,(x--l)(ar'+l) + (C;i? + D)(a?-.iy... (o). 

Let j? = l, ••. l=-^,.2, .-. A.-i^; 

therefore subtracting, 

^-l=J[,(x»-l) + ^i(;i?-l)(:»:»+l) + (Cr+D)(a?-l)», 

-% ar» + ar + l=^a(ar+l)+^,(ar»4-l) + (0 + D)(ar-.l). 

3 — 2A 
Let X = l, .•. 3 = ^a.2 + ^,.2, .-. ^,= — ?=1; 

substituting these values in (a), it becomes 

^-;r + i = (C* + U)(x-l)», . 
/. C* + D = ^, or C=0, D = i, 

r 

t a^dx _ I f dx C dx \{^ 

•*• ]{x^if («« + 1) " ^;(a?- 1)' "^ ji?^ "^ *j?+i 

= - ^ . + log (ar - 1 ) + i tan-* ;i? + C. 

When there are more than two pairs of impossible roots, the. 
partial fractions may be determined in succession by the method 
given in the first example of this article, the last fraction being most 
conveniently found by substitution, as in the last example. 
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76. Let Vp^O contain equal pairs of impossible roots, as in 



the example J^-— .^-^^ 



Assume ^^ ^ ^y ^^ ^ 1) "(x-+2)« "*" al' + Z "*"*' + 1 ' 

A 24?* — * 

«(^« + 5)(j:" + l)+(^'jr+50(a:' + 2)(a?*+l) + ((7jr+D)(jr' + 2)'...(a). 

Let ar« = -.2, A -4-a?-(^* + ^) (- 1) ... (/^), 

which cannot hold unless 

— 1 « — i^, or ^ = 1, 

-4 = -5, ^ = 4. 

Subtracting (/?) from (a) we have 
24r«+4=(i<jr + 5)(ar«+2)+(^'j?+^')(^+5^)(*"+l)+(<>+^)(^+2)*; 
dividing by ^ + 2, 

2 = (^jr + 5) + (^'x + 5')(ar»+l) + (Gr + D)(:c" + 2) (7). 

Leta?* = -2, .-. 2 = (^ x + B) - (^'or + 5') (S), 

.-. = A-A\ .-. i<'=l, 

2 = 5- B', B'-:2. 

The remaining numerator^ Cr + X), may be determined by put* 
ting or* 8 -. 1, as in Art 75, oi^ being the only remaining numerator, 
more conveniently by substituting for A, By A', B', their values in 
(a ). If there had been three or more equal pairs of impossible roots, 
we must have subtracted (B) from (7), divided by (ar* + 2), and then 
put or* = - 2, and repeated the process till all were determined. 

The partial fractions being determined, we shall have 

r (2j'~j?)flte _ f {Ax+B)dx [ (A^x + B^dx f (Px+D)dx 
j(*'+2)«(a^+l)'"j (ar« + 2)» "*"; x' + 2 ^] a:" + I ' 

The first of these integrals may be determined by the method of 
reduction, and the others by known methods. 

77- We have now considered every case except where roots of 
all the different kinds occur together, in which case the different 
methods must be applied in succession, as it is easily seen, by observ-* 
ing the preceding examples, that ihe determination of any partial 
fraction is not at all affected by the number or nature of the rest. 
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Rationalization, 

78. Many functions^ 'which are not in the form of rational frac- 
tions^ may be reduced to a rational form^ or^ as it is termed^ ration- 
alized by different transformations. Rules for the rationalization of 
several classes of functicms have been investigated^ but the student 
will find that practice will enable him to discover the appropriate 
assumptions in most of the cases which ordinarily occur, without 
burdening his memory with a variety of rules for the purpose* 

Take as an example, /-t r • 

Assume x = z**, 

and dx « Gz'^dz, 

/z^dz 
1 y which is in a rational form, and 
2*+ as 

may be integrated by the methods already investigated. 

« 

Integration of x'^(a + 6af*ydx, 

79. Functions of the above form are of very frequent occur- 
rence. We shall first shew how to integrate them when the indices 
171, n, and p satisfy certain conditions^ and then investigate a general 
method of integration applicable to all cases. 

(1) Where is a positive integer, m, «, and p being posi- 
tive or negative, integral or fractional. 

Let p = -, where r and q are positive or negative integers. 

Assume (a + baf) = 2', 

2' -a 



• • Mr — 



.*. a:-^* = 



,m+l 



_ (z^ - a) " 



f«+i ' 
b^ 

nb " 
H. D. C. 4 
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* 

and multiplying by 2% we have 

AM I 1 

Now when the above condition is satisfied 1 must either 

n 

equal zero or a positive integer^ and the function under the integral 

sign can be expressed in a finite series of integral powers of z, and 

can therefore be integrated in finite terms. 

AMI I "I 

If had been negative or fractional^ the expanded binomial 

would have contained an infinite number of terms^ and the ixfethod 
would have failed to give us the integral in a finite form. 

The condition = a positive integer, is called the First 

Criterion. 

97t 4- 1 

(2) Where + /? = a negative integer. 

Then j-'"(a + hxy = a:*+^ {h + axr*Y. 

* 

The function in this latter form may be integrated by the 

previous method if = a positive integer ; that is, if 

+ /) = a negative integer. 

The assumption to be made in this case is therefore 

r 
h + ax~* « 2*, putting p = - as before. 

The condition + p = a negative integer, is called the 

Second Criterion. 

80. The following are examples of the application of these 
methods. 






X 



h)h' 



Here = ^-7 — = 3, a positive integer ; therefore the first 

criterion is satisfied. 

Since p = — i, the proper assumption is 

a^ +x^ = z*. 
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.-. art = (2« - ai)', 

.*. x^dx = 4!2(z' — a^ydz, 

/x^dx c . , 

= 4 I («* - 2ai«* + a)rf«, 

- i (aJ + «»)3 - ■§• fflJ(ai + «i)» + 4a(aJ + «i)i + C. 

(.) jXflz^.. 

Here = — , and the first criterion is not satisfied. 

n 2 

AM I ^ 

But + p = -.J + ^ = — 2, and the second criterion holds. 



r (fl'~ j;ydar _ T 



Then , . - . « 



and we must assume aV"' — 1 = «*j 

(•8* + O" 






fl* ' 



a 

.../(::£!-M.../^(..,„^, 

5a* So" 



+ C?; 



15aV ■*'^- 

81. When neither of the criteria is satisfied^ we must employ 

the following method^ which is applicable to all cases. It consists 

in making /r^(a + 5j^)'dx depend on another integral of the same 

fomi but with smaller values of m or p ; by repeating which process, 

4 — 2 
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we arrive at last at an integral which can be determined by methods 
already given. This is called the method of reduction. 

As the treatment of the integral depends on the signs of m and p, 
we shall use these letters to represent positive quantities only^ which 
wiU give the following cases. 

/af^dx f 
rr--^ or jjr{a + barydx, 

(2) To reduce m m j -^r^^^^ or j^—^dx. 

ar(a + bafydx or /^ — ' dx, 

(4) To reduce pm J ^j^^-^ or j ^^^ ^ ^,.^, • 

The mode of treatment is exactly the same in each pair of integrals 
as above arranged, that is^ the method of reducing m or p depends 
only on the sign of the index to be reduced. 

ft is always supposed to be positive, as the function can always 
be reduced to that form by altering the value of m. The follow- 
ing are the methods to be employed in the four cases respectively. 

therefore, integrating by parts, 

P =- "•-*+i 1 m-n + l ( jT'^dx . 

"" * «6(p-.l)(a + bx'^y-' "^ «A(p-l)j(5 + boTf-^"'^^^' 






m — 
«A (p - 1) (a + baf'j'^^ '' nb(p 



n6 ( p - 1) (a + 6x-/-» **■ nA (p - 1) ^"^ ^"^ **■ ^^-J ' 



by which formula P« is made to depend on P„_„, that is^ 

[ x'^dx r ar-*dx 

J{a-^bxy^^ ]{a+bxy 

Vid by repeating the process, P^„ may be made to depend on 
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Pm-2ny ^^^ generally P« may be made to depend on P„>^ where 
r is any integer. 

By employing the form (A) we make the integral depend on 
another of the same form, in which m is diminished by n, and p by 
unity^ by the repetition of which m may be reduced by any multiple 
of n and p by the same multiple of unity* 

x^(a+bj^y is treated in exactly the same manner^ and we obtain 

formulae by which m alone may be reduced by any multiple of n, 
or tn reduced by a multiple of n, and p increased by the same 
multiple of unity. 

dx 

bary' 

1 a h 



I 



83. Let P« = i „,^ 



then 



ar(a-^ hary-'^ a* (a + hoTy ar*(a + hary ' 



and 

dx 



jar{a-{-bary-'''j{a + bary''^\ (fTi-l)^-*}' 

1 yi6(p-l) r dx 

""-(jfi-l)«'«-i(fl+6j:"y-''" m-l jaT^ia-hbary 

by integrating by parts : 

by which formula P^ is made to depend on P«_^„ and therefore 
P^ may be made to depend on an integral of the same form^ in 
which m is reduced by any multiple of n. The other integral in (2) 
is treated in the same manner. 

84. Let Pp « f A" (a + boTydx ; 

.-. P, = a[ar{a + bary-'dx + b[x'^(a-{-bx''y-'dxi 

and jar^^a + bx^y-'dx^jar^'di^^^-^^ 

ar^'(a + bj^y m + 1 [ „, ,^.p, 

by integrating by parts : 

' ' np np '^ 
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' tip + Tn + l np + m + l '^*' 

 

by "which formula P, is made to depend on P^i» and therefore 
Pj, may be made to depend on another integral of the same form in 
which p is reduced by any integer. The other integral in (3) ii 
treated in the same manner. 

85. Let P. ' ""^^ 



' J (a 



(a + bxy ' 



then i--r— T = z T-ir^ + 



(a + hx'J-^ {a + hary ' (a + hxy ' 

[ aT^dx 

«"^ j (oTfti^'J ^"'^'''In^Cp- l)(a + 6*-r»} 

jf*^* wi + 1 r a:* {fa? 

"-n6(p-l)(a+ 6jr-)'-^ ■^fi6(p-.l)J(a + 6«")^^ ' 

by integrating by parts : 

p x^^^ ( m + 1 ,) ^ 

by which formula P, is made to depend on Pp.i, and therefore 
P, may be made to depend on an integral of the same form in 
which p is reduced by any integer. The other integral in (4) is 
treated in the same manner. 

86. Of these four forms the first two reduce m alone by n at 
each step> and the last two reduce p alone by 1 at each step, while 
the form (A) which occurs in Art 82 reduces both m and p at once^ 
and a similar form reduces m and increases p in the other integral 
of Art 81^ (1). On account of the increase of p, this latter form is 
never more advantageous^ and often much less so^ than the final 
form of Art 82. Where however it is equally applicable^ it has the 
advantage of being more readily obtained. The mode of proceeding 
with an integral of the general form under consideration^ will be to 
reduce tn and p together by (A)^ where that is possible^ until either 
m is less than n, or p equal to unity. If the function is not then 
integrable^ we must reduce p in the former and m in the latter case;, 
until we arrive at an integrable form. Where formula (A) is not 
applicable we must begin by reducing m or p, choosing that one by 
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the reduction of which we arrive most easily at an integrable form. 
That we shall always obtain at length an integrable form is evident^ 
since we may always reduce p to unity, either in the numerator or 
denominator, when the function is integrable at once in the first 
case, and in the second is either a rational fraction or admits of im- 
mediate rationalization. 

The reduction of tn is often, preferable to that o£p, because it 
proceeds by n instead of unity at each step, and in many cases, 
as where m = rn — l, leads to a function which is integrable by 
inspection. 

The methods employed in the four distinct cases, and not the 
resulting formulas y should be remembered and applied in any par- 
ticular case. 

x^dx 



87. We will take as an example / jr 



Here we can first reduce 7 by 2 and f by 1, by means of for- 
mula (A), and then reduce the index of x alone by 2, twice, which 

I xdx 
will bring us to i — ^ which can be immediately integrated. 

Employing therefore the method of Art. 82, we have 



r x'^dx ^ fx^.xdx 



x^ ^ [ x'^dx 

+ 






As we have now to reduce the index of x twice, we will put it 
equal to m, that the same process may serve for both reductions. 

f xT^dx * 

Let then P„ = j — -i ; 

J (a* + a?')2 

/. (as in Art. 82) P„ = oT-' (a' + ar»)i - (w - 1) joT-' (a' + x')'^ dx 

= x^^ (a» + ^)^ - (m - 1) {a* P_, + P^, 

.-. P^^-ar-' (a« + a;')* - ^^ a'P„_, ; 
and Pa = Jar* (/!» + x«) i - I a^P,, 
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and P, = I 1 = (a' + x')^ + const 

xience i r = -. 

J (a' + j^)^ (rt« + j*)i 

+ 6 lix* (a« + a:')* - ia» {i jr* (a* + ar«)i - f a' (a« + a;*)*} + const.] 

^ // » ax f^ 4 ^-^ S 2 6.4.2 J ^ 

88. There are some particular values of the indices p, m^ and n, 
in which the above methods become inapplicable on account of the 
coefficients which occur becoming equal to infinity. This happens 
in the following cases : 

(1) Where the index of a? is (—1) the reduction of m is im- 
possible^ as appears from Art. 88. The integral is then of the 

C dx f dx 

^^"^ I ~7 T^^ ^' I — (^ **■ **")'• "^^^ most general form of p 

is -, r and q being positive integers. 

Assume then a + ha^=^sfy 

1 

•'• X = i I 

X " n (z'' — a)* 
and the integrals become 

n J z^ — a n J sfl — a 

both of which are integrable as rational fractions. 

r^x txTi. wi + 1 . f x'^dx f(a + bxrydx 

(2) Whenj, = -jp-mj^^^^^orJi— y— , 

the reductions of f7t and p respectively become impossible^ as appears 
from Articles 82 and 84. 



-^ [ oTdx _ f x'^'^dx 



f dx 
= I — Tx^ by the above condition. 
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This is the same form as that just integrated^ and may therefore 
be solved by the assumption ax~* +5 = 2' if p = - . 

(3) When the index of {a + hjT) is (- 1) the reduction of p 
becomes impossible^ as appears from Art. S5, In this case the in- 

/*c*** dx f dx 

^Tb^ *"■ i ^•" (a + bx') ' *~* *'^ ^^'"^ "* '■****""^ 
fractions. 

Integration o/sixf'x co6*'xdx, 

89. This function may be integrated by methods similar to 
those applied to a:"*(a + bx'^y. We will first consider some particular 
cases in which the integral may be immediately obtained^ and then 
proceed to the method of reduction. 

(1) Let one of the indices (as m) be an odd positive int^er. 
then w = 2r + 1, where r is a positive integer ; 

.•. I sivTx cos^xdx = / cos"jp (1 — cos'xy sin xdx. 

"By expanding the binomial^ the integral is reduced to a finite num- 
ber of integrals, each of which may be determined by inspection. 

If the index of cos x is an odd positive integer, and equal to 
2r + l, we have 

jsin^d: cosi'*xdx = / sin'"a? (1 — sin'j:)' cos xdx^ 

which is integrable as before. 

(2) Let (m + n) be an even negative integer = — 2r. 

Then / sin^or cos"a: dx^ I taxC^x cos"*+"a? dx 

= I tan*ar (1 + tan'ar)''* sec*a? dx. 

By expanding the binomial, the integral is reduced to the sum of 
a finite number of integrals, each of which may be determined by 
inspection. 

90. When neither of these conditions is satisfied we must pro- 
ceed by reduction. 

For this there are only two distinct modes of proceeding, that 
for the reduction of a positive index, and that for the reduction of 
a negative one. 
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( 1 ) To reduce m in i sin* a? cos" x dxy 

being positive, and n either positive or negative, let 

P,» MS / sin*" a? cos* X da; 

Then Pnt^l sin"^^ x cos" or sin a; dx, 

sin"^*xcos"+^j: '«-ir.«_« .^.a- /ax 

« ; *- /sm"^j?cos"+*jrdjr (A), 

sin"^* or cos"+^ or w-l.r.^, ., _,, 

= + { / sm^^or cos" a? dx — P-}, 

n + 1 » + 1 V «/> 

p ^ sin"^* X cos"^* or »' - 1 p 

wi+n m + n ^' 

If the index to be reduced had been that of cos j;, the method would 
have been exactly analogous. By formula (A) both indices are 
altered ; that of sin x reduced^ and that of cos x increased or reduced 
according as it is positive or negative. 

I sm"* X dx 

(2) To reduce n in | — , 

^ ^ J cos"^ ' 

n being positive and m either positive or negative^ 

1 . -n (sivTxdx 

let P„ = I — ; 

J cos"jr 



• P 



-/ 

j COS"j: ' 



sin"* a: (cos* a: + %\v?x')dx 
cos"a? 

sin^d!a? 



= P^a + 



sin"'+*j? m-\-l tswTxdx 

(»-l)co8"-^a? "" n-1 j cos"~'ar ' 

_ sin**+^x { iw + l)p 

■"(«-.l)cos-*ar"*' I "^^J ^-** 

If the index to be reduced had been that of sin or, the method 
would have been exactly analogous. 

It will be seen that in every case the reduction is by 2 at 
each step. 



91. Take as an exam 



pie I — «-. 
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Let p. 



J COS* a: ^ 



_ f (co8*jr -f sin* a:) dx 



 



cos" J? 



=p^+ 



f , smxdx 

I sin J? — , 

J cos"ar 

p sin J? 1^ f dx 

•^ (»-l)cos"-*j? n-1 Jcos"-*j?' 



^ p __ sin or w - 12 ^ 

•*• " " (»- 1) cos-^o? ■*■ 7^ -'' 



ff t 



. p -J!E5_ . ^p 

p _ sinjT 1 
'"2cos«a:**'2^*' 



/■ <f or sinar 3 sin or 3, ^ ^/i i v 

••• I — 5- = 1 1— + o — «- + « log (7 cot (iw - 5 jr). 

Jco'sTx 4^cos*x 8 cos* J? 8 ® ^* * ^ 



CHAPTER V. 

SUCCESSIVE DIFFERENTIATION. 

Theory of the Independent Variable. 

92. In Chapter III. we have shewn how from any equation of 
the form 

y=f(x\ or x = ft>{y) (1), 

to determine the value of /'(;c) or <p'{y) in the corresponding dif- 
ferential equation 

dy '=f{x)dx, or dx = 0'(^) dy (2). 

It may now be asked^ are the differentials dx^ e^ to be con- 
sidered as functions of tlie variables x and y ? The answer obviously 
is^ that they may have any values consistent with equations (2)^ that 
is^ any values whose ratio equals the differential coefficient Now 
these values may evidently be such as to make them both functions 
of the variables ; but we are at liberty also^ if we please^ to give to 
either of them any arbitrary constant value^ when the other will 
receive such a corresponding value as to satisfy equations (9), and 
will therefore be a function of the variables. 

We have already said that a single equation between two variables 
is called an equation of one independent variable^ without applying 
the term independent variable to one rather than the other; we will 
now add the following definition. 

Def« In an equation between two variables^ that one whose 
differential is assumed to be constant is called the independent 
variable. 

When no such assumption is made and the differentials are left 
in their original generality^ the equation is said to have 2i general 
independent variable. 

When y is given explicitly in terms of Xy it is generally most 
convenient to make x independent variable^ and vice versa, as 
thereby equations (2) are presented in a more advantageous form. 
It is sometimes, however, better to keep the independent variable 
general for the sake of symmetry in equations derived from equa- 
tions (2) in a manner which will presently be explained. 



sncoBanvs diffbrbntiatioit. 



61 




ao 



93. The following geometrical lUastration will make the last 
article more intelligible. 

Let P, Q be any two points of 
the curve corresponding to equa- 
tions (1); Ty S, any points arbitra- 
rily chosen in the tangents at P 
and Q. Then, the remaining lines 
of the figure being drawn parallel 
to the axes respectively, PF and ?n 
TV may be taken to represent the 
values of the differentials at P, and 
QX and SX to represent their values at Q« 

The positions of T and S being perfectly arbitrary and inde« 
pendent of one another, the magnitudes of the differentials at Q are 
quite independent of their magnitudes at P. But we may if we 
will so fix the positions of T and S that PV and QX shall be con« 
nected by any law we please* 

Thus we may impose the restriction that one of the differentials^ 
as dxy shall at every point of the curve be some determinate functiixi 
of the corresponding abscissa, or ordinate, when dy will also take a 
variable value dependent on the assumed value of dx and on the 
form of the curve. Suppose for instance we determine that dx 

shall always have the value — , i.e. that jT, S^ &c. shall be so. 

chosen that 

OM^ ON' 

and that the same law may prevail throughout the curve. 

The corresponding values of dy will then be given by the 

equations 

OM^ ON' 

TF^—L.tmTPV, SX = j~tanSQX. 

By this assumption both dx and dy are made functions of the 
variables, their analytical values being 



dx == — , 



«■ 



dil = jf'(x)- 



In like manner we may determine the positions of the points T, 
S^ &c., throughout the curve, by any other rule, or we may leave 
them if we please, perfectly arbitrary and unfettered by any rule at 
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all, since the equations (2) are equally true whatever rule id adopted 
and whether any rule be imposed or not 

One of the simplest rules for fixing the values of the differentials 
is to give PV the same value at all points of the curve^ so that 
QX= PF wherever P and Q may be. In this case TF will not 
preserve a constant value, since TV= PV.tan TPV and the angle 
TPV varies from one point of the curve to another. In fact we shall 
have with the above rule 

dx = C, (ty = Cf{x). 

Another equally simple rule is to make TV constant throughout 
the curve, that is, to assume 

dy = C and thence dx = C<l>'(i/). 

When PV retains a constant value x is (as above stated) called the 
independent variable, and when TV is constant ^ is called the inde- 
pendent variable. 

Another form of restriction sometimes imposed upon the differen- 
tials is to take some function of one of the variables as >/^ (x) and 
make its differential yj/^x) dx constant, that is, to determine dx and 
dif by the equations 

When this is done, yjr^x) is said to be the independent variable. 

When no restriction is imposed on the values of PFand TV, the 
independent variable is said to be general. In this case therefore 
the differentials must be treated as arbitrary functions of the vari- 
ables, to which we can at any time assign such definite forms as may 
be found convenient. 

94. Since dxy dy are in general (before any variable is made the 
independent variable) functions of the variables, they, like all other 
functions, may have differentials, and we shall meet with such quan- 
tities as d(dx)y d(dy), d{d(dx)}y d{d(di/)}y &c., which are written for 

consciseness 

d'x, d*y, iPxy cPy . . . rf'j, d*y, 

and are called the second, third . . . n*^ differentials of x and y re- 
spectively. 

Again, f*(x) being a function of x must have a differential co- 
efficient, and this a third, and so on. These are written 
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and are called the second^ third . . . n*^ differential coefficients of 
/(x) or y with respect to x. So also we have 

. <l>"Qf).<t>"'(y)--r(if)> 

the second, third ... »*** differential coefficients of <p(y) or x with 
respect toy. 

95. It should be observed that the idea of a particular inde- 
pendent variable applies only to differentials and not to differential 

coefficients. The ratio -p or /'(a:) is the same whether dx ox dy be 

variable or constant and is in no way affected by the assumption of 
a particular independent variable. So from the figure of Art ^S, 
it is evident that tan TPV is independent of the position of T. 

df(x) 
Again,/"(a:) which = ^/ ^*s the same value whatever be the inde- 
pendent variable, and the same is evidently true of all the successive 
differential coefficients. An equation among differential coefficients 
therefore, if it involves no differentials, does not imply the assumption 
of any particular independent variable and is equally true irrespective 
of any such assumption. It will be seen hereafter that an equation 
among differential coefficients with respect to x, is immediately con- 
vertible into a corresponding equation among differentials with x/or 
independent variable. In consequence of this, x is sometimes incor- 
rectly called the independent variable in the former as well as in the 
latter equation. It is important that the student should avoid this 
error*, as some of the following propositions wholly rest upon the 
fact that an equation among differential coefficients is unaltered by 
a change of the independent variable. 

96. When f\x) or ^'(y) is known, the ratio o£di/ to dx is also 
known. So when /'(a:) a,ndf^\x) or ^'(j?) and 0"(d:) are known, we 
can find the relation between dx^ d^x, dy and d^y\ and generally 
when the first n differential coefficients of one variable with respect 
to the other are known, we can find the corresponding relation among 
the differentials of the variables of the orders up to the n*^. These 
relations we shall now determine. 

* The phraseology referred to is called erroneous, ivilh reference only to the defini- 
lions before given. Totally different definitions are sometimes employed which 
would justify that application of the term ^ independent variable.' 
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97. To find the relations between the successive differentials 
and differential coefficients when the independent variable is general. 

Let y =/(«), 

then dy=f{x)dx (1); 

differentiating both sides of this equation^ we obtain 

= df(x) dx +/(x) d^x, Art. 23. 

••• ^y =/"(^) ^<^ -^f(pd ^^ (2)» 

By differentiating this equation^ we obtain (Art 21 and 25), 

^^ = df{x) dj^^d (dx^/Xx) + d/X^) d«* + ^xf'ix), 

••• ^^ =/"W ^ + S/"W ^^-^ ^'* +/W <^^ (5), 

and similar equations may be found connecting the differentials and 
differential coefficients of higher orders. 

These equations give the successive differentials of y explicitly 
in terms of the differentials of x and the differential coefficients of y 
with respect to x. The differential coefficients may be found expli- 
citly in terms of the differentials from the above equations^ but more 
readily as follows. 

98. To express the differential coefficients in terms of the dif- 
ferentials when the independent variable is general. 

m-% (*). 






dx 



... (A«.^/W.ii{g}.5i^i^ W 

_ dx{dxd^y - dyd^x) — 3cPx(dx(Py — dycPx) ^ 

dx' Wi 

and similar equations may be found for the differential coefficients of 
higher orders, the equations (4), (5)^ (6), &c being equivalent to 
(1)9 (2)9 (P)f ^c* A^d deducible from them. 

99. To find the relations between the successive differentials 
and differential coefficients when x is independent variable. 
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^hen X is made independent variable dx is constant^ and therefore 
d^x^ d^x, &c., all equal to zero. Heiice we obtain by differentiating 
the equation, 

dy^fix)dx, 
.% ^y—fXx)dx^y since dx is constant,- 
^ d'y=r\x)dx'. 



equations which might have been obtained from those of Arts. 
97 and QS by equating cPx, d^Xj &c, to zero. 

. 100. Examples of successive differentiation. 
1. To find the successive differential coefficients of ^ where 

y «/(j?) = ax\ 
5Ve have by repeated applications of the rule of Art. 27, 

f^x) = n . aA"~^ 
fXx) = «.»-!. a jj"^, 
f^\x) = ».»-!. ..2.1. a, 

* From the above equations we see that token x is independent variable the 

successive differential coefficients may be written as above -p T^...-r^. These 

da rfdr* da^ 

expressions are sometimes used instead of /' (or), f"(a), &c,, when a is not inde- 
pendent variable, but in that case it is clear that the numerators will no longer 
represent the successive differentials of y, and that these expressions in fact cease to 
be fractions, and become mere symbols equivalent to f(x\ /"(*)«-/^*K*)» Thus, 
if this practice were adopted, equation (2) of Art. 97 would become 

the d'y on the left of the equation, meaning the second differential of y, while in the 

d^v 
numerator of -^ it has no such meaning. It is better to avoid such a use of the 

d^v 
notation, but as it is often met with, it must be remember^ that ^, &c. are then 

mere symbols and not fcactions, 

H. D. C. 5 
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and all tbe differential coefficients after the n^ vanish^ since /'" (^) 
is constant. 

The successive differentials tvhen x is independent variable follow 
at once from the differential coefficients: as appears generally in 
Art 99- 
Thus we have 

dy =/'(*) dx^n. ax^'^dx^ 
d?y =/"(j7) dj^ = « , ?i — 1 . aa^^da^f 



dry szf^'\x)dxr = n . « - J . . 12 . 1 .adx\ 

If it is required to find the values of dy, d^y^ &c. when the inde* 
pendent variable is general, we must proceed exactly as in the 
general case of Art. 97* Thus, by differentiating repeatedly and 
considering dx variable, we obtain 

y = ax*, 

dy^nm axf^^ dx, 

d'y = n»n — l.ajf^'da^ + n*axr~^d/'x, 

d^y = n,n-l.n-2. aoT-^dx^ + » . rt - 1 . ajf-^(^dxd'x) 

+ » . « — 1 . aaf*~'dxcPx + « . aaf^^^x, 

= w.«-l.» — 2. aaf^dx* + 3« . « — 1 . ax^'^dxd'x + n . ax^^^x, 

and by pursuing the same method the higher differentials may be 
found. 

2. Let y =f{x) = e. 

Then proceeding as before, /'(^) = ^> 

/•'(x) = e', 
and when x is independent variable, 

dy = f^dxy 
d^y^ed^, 

d''y=i e'daf'. , 
Wnen the independent variable is general, we have 

dy^^dx^ 

d^y = eda^ f ^rf'or, 
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rf*^ s= eda^ + e'.2dxd'x + eTdxcPx + efd^js, 

= efdj^ + Sefdxd'x + e'd!^x, 

&c = &c. 

Further examples of successive dlfiTereniiation will be found in 
Gregor3r'8 Examples, Chap. ii. Sect. 1. The quantities there obtained 
are successive differential coefficients expressed by the notation men- 
tioned in the note to Art. 99 i or if or is considered to be the inder« 
pendent variable c/y, d^jf.,.&c, properly represent the successive 
differentials. The student is recommended to work a few of Gre- 
gory's examples also with a general independent variable. 

lOl* We have already employed the term differential equation 
in speaking of equations involving differentials. For convenience 
sake, equations involving differentials or differential coefficients up to 
the Ist, 2nd. . .n*^ respectively, are called differential equations of the 
1st, 2nd. . .n^^ order. Thus the equations (l), (2), (S), of Art. 97 are 
differential equations of the 1st, 2nd, and 5rd orders respectively. 
Equations which (like those last mentioned) are obtained imme- 
diately by successive differentiation, are also sometimes called the 
1st, 2nd, 3rd, &c. derived equations, and the original equation (as 
^ ^/(x) in Art 97) is then styled the primitive. Thus in the 2nd 
example of the previous article the last equation is the third derived 
equation of the primitive y » e*, and is a differential equation of the 
3rd order. 

Besides the derived equations which are the immediate results of 
differentiation, an infinite variety of differential equations of every 
order may be formed by combining together the primitive and its 
derived equations in any manner we please. 

Every differential equation, again, whether an immediate derived 
equation or compounded out of several, may be presented in a 
number of different forms by adopting a general or different particu- 
lar independent variables. Thus the derived equations of Art. 97 
assume the simple forms of Art. 99> when x is made independent 
variable. By altering the independent variable we vary only the 
form and not the substance of a differential equation. The form 
corresponding to a general independent variable includes all the 
others, and we shall shortly prove that any one of the particular 

forms may be deduced from any other. Before investigating the 

6—2 
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methods of effecting such transformations^ we will give some exam- 
ples of the formation of differential equations by combinations of 
various primitives with their derived equations. 

102, Let the primitive be 

y^ax-\-ha^ (1). 

The first two derived equations (when the independent variable ia 
general) are 

dy^adx-^ ^hxdx (2), 

<P^ = 26(ir" + (a + 26ar)<Px (3), 

1. Let it be required from these equations to obtain a differential 
equation of the first order, in which x shall not appear. 

To do this we have only to eliminate x between (1 and (2), 
Thus^ from (2) we have 

dy = (a« + 4a6a: + 46*a:^(f4:* 
= (a» + 46y)cfa:* by (1), 
which IS the required equation. 

2. From the same primitive let it be required to find a differen-^ 
tial equation from which a and b shall disappear. 

For this purpose we must employ equations (1)^ (2), and (3), as 
there are two quantities^ namely a and 6^ to be eliminated. Thus, 
eliminating a between (l) and (2)^ we find 

xdy --ydx = ha^dx ; 
and between (I) and (3), 

iwPy —yd^x =. ^bxdx* + ba^^x, 

and eliminating b between the two last equations we obtain the 
required differential equation 

a^d'ydx - Qx'cfydx' - ai^dyd^x + 9.xyd£^ = (4). 

tf we had worked with x for independent variable we should have 
had, instead of equations (1), (2), (3), 

.y = ax + bx', 

dy = adx + 2bxdx, 
d^y^^bda/'. 
3y eliminating a and b between these, we find 

x^iPy-^^xdydx + ^yda^r^O (5), 

which differs from equation (4) only by the omission of the term 
involving d^x, which vanishes when a is independent variable. 
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• ' If we divide the last equation by dx* it becomes' 

which by Art 99 is equivalent to 

^/'W-2a:/(ar) + 2j^ = 0.... (6), 

(4), (5), (6), are three different forms of the required equation. 

103. Equations formed as in the last example by eliminating 
tionstants are of frequent occurrence. In general^ the order of the 
resulting equation must be equal to the number of constants elimi- 
nated. For to eliminate n constants we require in general n + 1 
equations. The primitive and its first n derived equations inust 
therefore be used^ and the equation thence obtained will involve an 
.91^^ differential or differential coefficient, that is, it will be of the v^ 

4 

4)rder. In particular cases, however^ it may happen that the steps 
necessary to eliminate n constants cause others also to disappear 
when the order of the differential equation will be lower than that 
given by the general rule. 

104, In some cases .also we can eliminate- functions of the 
variables as well as constants. 

Thus, let the primitive be 

^ = a8in(« + 6) (1). 

^rom this We may eliminate the circular functions, as well as the 
constants a and h. 

The first two derived equations are (making x independent 
variable) 

dy — a coB(a + b)djt....* ,*. (2), 

... rf*y=-a 8in(j? + 6)dLc*... (3). 

Between (1) and (3) we may eliminate a sin (x + b) and obtain _ . 

d^y-k-ydx^^O. 

l£ we had expressed this in the notation of differential coefficients 
it would have been 

4 

and if we had kept the independent variable general^ 

d'y dx - dycPx -^ yda^ » 0, 
*as may easily be verified. 
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Examples of the formation of differential equations by the elimi^ 
nation of constants and functions will be found in Gregory's JBor- 
amples. Chap. iv. The results with a general independent variable are 
not there given, but if obtained, their accuracy may be tested by 
making (Tx, (Px, &c. vanish when they ought to reduce themselves 
to the given forms. 

105. If we consider the n^^ power of a first differential as 
liomogeneous with an n^^ differential, it will be seen that all the 
differential equations we have yet met with are homogeneous in the 
differentials. Thus, in this sense, every term of equation (4) in Art 
102, is of three dimensions, and every term of equations (5) and (6) 
of two dimensions and of no dimensions, respectively. 

This homogeneity is not accidental, but must be found in every 
differential equation. For all such equations are either derived 
equations or are formed out of them. Now all derived equations are 
included in the general forms of Art. 97, which are homogeneous in 
the above sense: the same property must therefore belong to all 
particular derived equations and to all equations deduced from them« 

106. It has been before stated (Art. 101), that the different 
forms assumed by a differential equation when expressed in terms 
of differentials with various independent variables or of differential 
coefficients may be deduced one from another, so that when any one 
form is given all the others may be obtained. This we shall now 
effect in the several cases, 

107* Having given an equation among the differential coefficients 
of ^ with respect to x, to obtain the equivalent equation among the 
differentials of x and ^ when x is independent variable. 

To do this we have only to substitute for /'(or), /''(*) . . . /"X-^) 

in the given equation their values -^ , ^ . . . ^ from Art 99, and 

if we wish to get rid of fractions, multiply by the highest power of 
dx which appears in the denominators. The converse transition I3 
equally easy. For an equation among the differentials when x is 
independent variable can only contain the differentials dx, dy,cP^, . .d^y. 
By the equations dy^f{x)dx^ d?y -f^{x) dx^.^dTy ^f^\x) dx"" of Art 
99, we can eliminate the differentials of ^; when dx will be the only 
differential remaining, and since the equation must be homogeneous 
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(Art. 105) dx must enter to the same power in every term land may 
be divided out, leaving differential coefficients only. 

108. Having given an equation among the differentials of k 
and y, with a general independent variable, to find the equivalent 
equation where x is independent variable. 

To do this we have only to make dx constant, and therefore 

^Xy d^x dTx equal to zero, when the equation is immediately 

reduced to the required form. 

• - • 

109. Having given an equation among the differentials of x and 
ff, in which x is independent variable, to find th6 equivalent equa^ 
tion when the independent variable is general. 

The given equation may be transformed into that among the 
differential coefficients of y with respect to x, by dividing by some 
power of dx. (Art. 10?.) 

This may then be transformed into the equation among the 
differentials when the independent variable is gen^ral^ by the fol* 
lowing equations, obtained (as in Art 9^) by the successive dif- 
ferentiation of the equation 

f{x)^y, viz. 

f\x) = -i df 1 d (^)l - dx(dx^y ^ dyd^x) ^ Sd^xjdx d^y ~ dyd^x) ^ 

&c. = &c. 

dx having been considered variable in the diffisrentiations because 
the independent variable is general. 

The expanded forms after that for f\x) are difficult to remem* 
ber, and should be worked out from the first or unexpanded forms 
in each particular case by performing the operations indicated, re« 
membering that both dx and dy are to be considered as variables. 

110. Having given an equation among the differentials, of x 
a'nd y when the independent variable is general, to find the equi- 
valent equation when any function of a? or ^ is independent variable. 

In this case, since neither dx nor c^ is to be made constant, the 
equation is still true in its original shape ; but it may be simplified 
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t>7 eliminating one of tbe variables, and so obtaining a new equation 
between the differentials of the other and of the new independent 
.variable* This may be done as follows. 

Let z be the new independent variable, and let or « (2), where 
ip is known. Then differentiating this equation^ remembering that 
Z is independent variable, we obtain 

dx =^ <p\z)dz, 
d^x ^ fp" {z)dz\ 



drx^^^'\2)d2''; 
by substituting which values in the original equation we obtain the 
required equation between the differentials of ^ and z. 

By dividing by some power of ds, this may be at once trans-* 
formed into the equation among the differential coefficients of ^ with 
respect to «. (Art. 107). 

IIL In the preceding cases, one of the two forms of the equa-* 
tion, either that to which or that from which we have had to pass, 
has had a general independent variable. In those that follow, both 
equations have determinate independent variables. Such transfor<^ 
mations are of much more frequent occurrence than the former ones. 

112. Having given an equation among the differentials of ;r and 
If when X is independent variable, to find the equivalent equation 
among those of y and s when z is independent variable, s being a 
function of one of them as j^ or as it is commonly expressed, to change 
the independent variable from xtoz. 

By dividing by some power of dx, the original equation may be 
transformed into the equation among the differential coefficients of y 
with respect to x. (Art. 107). 

Then by differentiating /(jr)=y, remembering that, when z is 
independent vairiable, dx is variable, we obtain 

/^'rir>- ^ df^\ _ d^ydx-'d^xdy 
f W-3jtf\S''WJ d^ *: 

. &C. S3 &C« 

Also, if the given relation between x and z is put in the form 



i 

we have dx = ff/ (2) dz^ 

f d''x:=(t>'\z)dz\ 
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when z is independent variable. 

By substituting these values of x and its differentials in the 
former equations^ f'{^\ f\^\ ^c» ™*y ^® expressed in terms of z, 
dz and the differentials of ^, and the required transformation effected 
by the substitution of these values in the original equation* 

By dividing by some pow^r of dz^ this equation is transformed 
into the equation among the differential coefficients of ^ with respect 
to z. (Art, 107)* 

113. Instead of first expressing the differential coefficients at 
length in terms of the successive differentials of x and y^ and sub- 
stituting for those of x their values derived (tou^ the equation x=^fp (js), 
it will be found more convenient in practice to invert the order of 
these operations, and first substitute for dx its value in the unex- 
panded forms of /'(or), /"(j?), &c., and then perform the differenti- 
ations, remembering that dz is constant. As an example, we will 
change the independent variable from x to z^ where or =* e' in the 

equation 

a^ d^y + ^x dy dx + y da^ ^0* 

This is equivalent to 

or to «»/'(«) + 2a;/'(x) +/(*) = 0. 

since x is independent variable. 

Then, since x = «f, dx = t^dz, 

' • J ^"i dx e dz' 

J ^'''~~ dx ~Fdz Vdz)~ e^rfs* ' 
since z is independent variable, and therefore ds constant. 

Hence the equation becomes 

d'y + dydz-\-yds^-0. 
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d*y dy 

114. Having given an equation among the differentials of ^ and 
y when x is independent variable, to find the equivalent equation 
when y is independent variable, or to change the independent variable 
from X to y* 

By dividing by some power of dx^ the given equation may be 
transformed into that among the differential coefficients of ^ with 
respect to x. (Art 107)- 

Then^ differentiating successively, remembering that y is inde-* 
pendent variable^ we obtain from the equation 

^w-s-'d)-^. 

= ^y ds' ' 

&c. = &c. ; 

and by substituting these values in the original equation the required 
transformation Is effected. 

The resulting equation may be transformed into that among the 
differential coefficients of x with respect to y, by dividing by some 
-power o£dy. (Art. 107). 

1 15. The methods of effecting these transformations will be easily 
remembered, if it is observed that 

(1) An equation with x as independent variable is immediately 
transformed into an equation involving only differential coefficients 
with respect to x, by division by some power of dx. 

(2) The expressions for the differential coefficients when any 
variable is made independent, are obtained from the expressions in 
which the independent variable is general, viz. 
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by making the differential of the variable which is to be indepen- 
dent, constant^ and performing the operations indicated^ on that 
^supposition. 

(3) If the variabTe selected for independent variable is neither 
X nor y, but a given function of x, dx must be expressed in terms of 
the differential of this quantity, and substituted in the above ex- 
pressions^ and the operations performed on the supposition that tliis 
differential is constant. In like manner,* if the new independent 
variable is given as a function of y, dy must be eliminated from 
the above expressions before performing the differentiations. 

116. We will take as an illustration the equation 

^ = c» cos d? =/(«), 
and deduce from it equations among the differentials in various 
forms, and then apply the foregoing methods to obtain them one 
from another. By differentiating 

jy = c* cos Xy 

we have, when the independent variable is general, 

dy^tf (cos X — sin x) dxy 
d^y = — gc* sin xdJi^ + c'(cos x — sin x)d^x. 
From these equations different relations among the differentials may 
be found: we will take that one from which cosjp and sinx dis- 
appear. Then, eliminating sin x and cos x, we obtain 

d^ydx ^ dy (^ds^ •¥ d^x) -\- Zyd3^ ^Q (1). 

If we had differentiated with x as independent variable, and then 
eliminated sin x and cos Xy we should have found 

d^y " 9,dydx -¥ Zydj^ ^0 (2). 

Again, the successive differential coefficients of ^ are 

/' ( jf ) = c* (cos X - sin x), 
/"(j?) = -2c'sinjr, 

whence we have, by eliminating sin x and cos x, 

/'W-2/W + 2/(jr) = (S). 

Suppose now x^Yogs, the original equation becomes 

^ = J8f cos (log z), 

whence, if z is independent variable, 

dy « {cos (log z) — sin (log z)} dz, 

d'y =s — {sin (log z) + cos (log z)} dz^ ; 
z 
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whence we obtain 

z*cPy - sdjfdz + 2yds^ = (4). 

Lastly, differentiating the original equation with ^ for inde^ 
pendent variable, we obtain 

rfy s c'(co8 J? — smx)dx, 
= — 2e" sin xddr' + e* (cos J? — sin jr) £pj:; 
whencei by eliminating sin x and cos x, we have 

d^xdy + 2dji^(fy - Qifdj^ ^ (5). 

These five equations are all equivalent and may be deduced one 
from another by our previous rules. 

Thus (2) is obtained immediately from (1) by putting d^x=^0, 
and (3) from (2) by dividing by da^. (Arts. 107> 108). 

(1) is deduced from (2) by the method of Art. 109. Thus, first 
change (2) into (S), and then we have . 

/•w-l. , • 

Substituting these values in (3), we have 

which is equation (1). 

Again, (1) may be transformed to (5) by making <Py « 0, and to 
(4) by the method of Art. 110. 

To interchange (2) and (4), that is, to change the independent 
variable from x to z when x =» log^r, we must proceed as in Art. 112 
or 113. , 

By dividing by c/jr*, (2) becomes identical with (3), and when z 
is independent variable> we have 

dz 
and since x = log ;&, dx^z — , 
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- n-^i'Oi). 



— -T^d{zdy) since dz is constant^ 

then, substituting in (3), we obtain 

z{z^y + dzdy) a^dy 

Tz ^■^■*"^^-^» 

••. s^d^y-^zdzdy-^-^ydz^^O, 
ixrhich is equation (4)* 

In the same way (2) may be obtained from (4). 

To interchange (2) and {5\ or to change the independent variable 
from X to y,vfe must proceed as in Art. 114. 

First reduce (2) to (3) as above; then 



/"(or) = ^ rf f ^ j , dy being now constant^ 



I'hen^ substituting in (3), we have 

da^ ^dx^^^"^' 

or cPxdy-^^dydx^-^Qyda^ssO, 

which is equation (5). 

In the same way (2) may be obtained from (5). 

The student should work out those transformations which are 
not given at length in the text 

For examples in the change of independent variables^ see Gre-* 
gory's Examples, Chap. iii. Sect. 1. 



CHAPTER VI. 

DIFFERENTIATION OF FUNCTIONS OF SEVERAL VARIABLES 

AND IMPLICIT FUNCTIONS. 

117* The quantities we have hitherto differentiated^ have always 
been given as explicit functions of a single variable. A function of 
one independent variable may, however^ be expressed by an equa- 
tion of the form u = F(x, y), where x and y are themselves connected 
by some other equation (Art. 8). In such a case the differential of 
u may be found by expressing one of the variables x and ^ as a 
function of the other by means of the given relation between them, 
whereby u will be reduced to the form of an explicit function of a 
single variable and may be differentiated by our former methods* 
Thus suppose we have 

where x and y are connected by the additional equation 

tf = mx + c. 
By substituting this value of ^ in the former equation we obtain 

M = >/ J?* + (mj? + c)', 
which may be differentiated by the rules of Chap. m. 

The foUowing theorem will enable us to differentiate such func^ 
tions more readily^ without the necessity of any previous elimination* 

118. Let u = F(x,y), (1), 

where x and y are connected by the equation 

J^-/W ' (2> 

When a receives an increment Ajr, y and u will receive definite 
corresponding increments Ay, Au which vanish with Ax. Au is 
given by the equation 

Au fi= F(x + Ax, y + Ay) -F{x, y) 

= {Fix + Ax, y + Ay) ->(a: + Aj:, y)} + {F{x + Ax, y)-F(x,y)}. 

The latter part of this expression is the increment which F (x, y) 
would have received, if x alone had been variable andy constant; 
it may be written A,F{x, y). 

The former part is the increment which F{x-^Ax,y) would 
have received if y alone had been variable and x constant^ and may 
in like manner be written Aj, F (x + Ax, y). 
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Hence the above equation becomes^ on dividing by one of. the 
increments, as Ax, 

Am ^ A, JP {x, y) ^ A^F(x + Ax, y) 
Ax Ax Ax ^ 

Mrhich being true always, is true in the limit when the increments 
approach zero, 

a being written for or + Ax in the second term because a and x + Ax 

become identical in the limit. 

Au du 
Ax ~ dx' 



Now /^AsrO A~ = 



Also U,^,^I^ = '-.l(^^F'i^), 

where d„F(x,t/) and F\x) signify the difierential and differential 
coefficient respectively of F (x, y) obtained on the hypothesis that y 
is constant and F (or, y) a function of x alone. Similarly 

where dyF(x^ y) and F'(y) are the differential and differential co- 
efficient respectively of F(x, y) obtained on the hypothesis that x is 
constant and F(x, y) a function of ^ alone; 

^ d^F (a?, y) ^^pr ^dy 
dy dx ^^ dx 

_ dyF (x, y) 
"^ dx 

Substituting these values in the above equation and multiplying 
by dx, we obtain 

du==d,F{x,y)+dyF(x,y) ..(3), 

or du^F{x)dX'^r(j/)dy (4). 

F^(x), F'(y), being differential coefficients obtained by treating 
F(x, y) as & function of one variable only, may be found by the 
methods of Chap, iii., and equation (4) will then give one relation 
between the three differentials du, dx and dy^ 
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By differentiating equation (2) we obtain 

by which equation together with (4), du may be expressed in terms 
either of dx or dy. 

d,F{xiy) and dyF{x,y) are sometimes written for conciseness 
d,u dj,u*, and are called the partial differentials of u with respect td 
X and^ respectively; F'(x), F'{y) are called the partial differential 
coefficients of tt with respect to x and y respectively ; du is what we 
have already defined (in Art. 17)9 as the differential of «: to dis- 
tinguish it from the partial differentials^ it may be termed the total 
differential of u. It is evidently the same quantity which we should 
have obtained by eliminating one of the variables between equations 
(1) and (2) and differentiating the result. 

The theorem proved above may therefore be stated thus t 

The total differential of a function of two variables, which are 
themselves functions of one another^ equals the sum of the partial 
differentials with respect to the separate variables^ or (with the ab-* 
breviated notation) 

du = dgU + djfU, 

119« We will apply the theorem to the example of Art. 117^ 

where y^mx + c, 

* In using this notation, it must be borne in mind that u is merely an abbrevia- 
tion for the function F («, $f). The pair of equations (1) (2) may be transformed into 
a number of different pairs, each of which would give the same value ofu in terms of 
either of the other variables, but all leading to different values of dxU dyU, Thus 
the pair of equations u » »y^ and ^ = e* is equivalent to the pair u — xy^ and y^^\ 
but the fonner give d^u = y^dx - t^dxy and dj,u - 2jcydy = 2x^dy^ while the latter 
give dgU^{\-\-x)y^dx^{i + x)«^dx and dyu^x^dy. Hence when dgU and dyu 
occur, u must be understood to stand for the same function oix and y in both. 

Another variation of notation must also be noticed. The partial differential co- 
efficients F\x) FXy) which with the notation of the text equal -^, -^ respectively, 

du du 
are sometimes written ^, j-, the subscripts being omitted. These latter quantities 

then cease to be ratios, and become mere symbols equivalent to F'(x)y F\y), and the 

partial differentials are then written j- ,dx,j- .dy. This is the notation used in 

t}regory*s examples* We shall recur to the general subject of notation in Art. 139, 
infra. 
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TT , xdv J ydy 

Here dja = . , oLw = ^ '^ 



J , , xdx + ydy 
.*. du = d,u + dju = — . ^ '^ . 

If we wish to obtain ^ as a functioti of x we must employ the 

second equation to eliminate y and dy. Thus differentiating, we have 

dy — mdx, 
and substituting in the value of du for y and dy their values^ we find 

i _ xdx + (mx + c) m dx 
Jx'+(tnx + cy 

du (I + m*) X + mc 
or = ^ - 

the same result which we should have obtained by pursuing the 
method indicated in Art. 11 7. 

T ^ •! du 

In hke manner — may be obtained. 

120. The relation between x andy was expressed in Art. 118.^ 
for simplicity's sake, by the explicit equation y^f(x); but the 
theorem du^^djt-^- d^/u, is independent of that assumption (which 
nowhere enters into the proof) and is equally true whatever be the 
form of the relation between x and y provided they are in fact 
functions of one another. Thus the relation may be expressed by 
the implicit equation /(x, y) = 0, or by the pair of equations 

or more generally still by a system of n equations involving x,y and 
n - 1 other variables^ since by solution or elimination any of these 
forms will give^ as a function of jr. 

121 • As an example^ let it be required to express du in terms 
of ds from the equations 

Here rf-ii = cos(-) — , 

- /x\ " xdy 

H. D. C. 6 
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dy = 2z dz^ 
.•. du:=^dja.'^djti^ 

(x\ i^edz-9^^zdz\ 

-^-%)\ — ? — V 

= pCOS^p^(s-2)df2:. 

If we had first substituted for x and y their values^ we should 
have had 

by differentiating which equation we may obtain the same result 

as before. 

In like manner, du may be expressed in terms of dx or dy. 

122. If there are more than two variables under the functional 
eign^ it may be proved in a precisely similar manner that the total 
differential equals the sum of the partial differentials with respect to 
these variables. Thus, if u =/(ar, ^, z . . . tr) where x, ^^ s • • • v are 
connected by a sufficient number of equations to make u a function 
of one independent variable only*, 

Differenliation of Implicit Functions of one Independent Variable* 

dy 

123. We are now able to find ^ where x and y are connected 

by an implicit equation, without solving it with respect to either of 
them. Let J? and ^ be connected by the equation 

F(x,y)^0. 

Then if Ax, Ay be corresponding increments of x and y, the 
equation must be satisfied by j; + Ax and y + A^. 

A 2^(jr + Ax, iy + Ay) = 0, 

* This condition is essentiaL The very first step in Art. 118 depends upon it, 
since without it, an increment Aa of jf would not produce corresponding increments 
of^andi«. 
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** Ax Ax ' 

"Vtrhich being true always is true in the limit; 

But dF(x, y) is the sum of the partial differentials of F {x, y\ 

^ 

.-. F'{x) dx + F'iy)dy = 0, 

124. In like manner^ if 

r * • 

F{3D>yyZ)^0, 

Inhere x, y and z are connected by a second equation so as to make 
them functions of one independent variable the variables will have 
corresponding increments Ax^ Ay, Az, all of which vanish together* 
Then 

F(x + Ax, y + Ay, z + Ax) =* 0, 

AF{x,yy£) ^ F{x^Axyy^Ay,z^Az)"F{xyy,z) ^^^ 
*' Ajr Ax 

.-. "^^^y ' '^ = 0, and dF{x, y,z) = ; 

.-. FXx) dx + F'(y) dy + F'(z) ife = 0, 
iind generidly if 

where the variables are connected by a sufficient number of equa* 
tions to make them functions of one independent variable, 

dF(x,y...v):=iO, 

and therefore (Art. 122) 

r(x)dx + r(y)dy+...F(v)dv^O. 

125. Hence if n variables x^, ar,. • .a?, are connected by the it - 1 
equations 

Jtf i{Xif X^* m •Xft) ^^\)f 



F^i(xi, X2*''Xf) = 0, 

in which case- they are functions of one independent variable only, 

we shall haive ' - ' ' ' . 

F,'(x,)dx^+F,'(^r;)ilxi... + Fi'(ar^)dx^'^0, 

" 6—2 
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-F,'(jr,)rfar, + F,'(x,)efjf....+ F,' (x^) dx^ ^ 0, 

J^i (a?i) cirj + Fi., (jTa) (to, . . . + jPi_i (a?,) rfar» = 0, 

From these n — 1 equations, any it - 2 of the differentials may be 
eliminated, leaving an equation to determine the ratio of the remain- 
ing two, that is, the difierential coefficient of one of the corresponding 
variables with respect to the other. 

126. Let the explicit equations corresponding to 

F(x,y)^0 (1), 

Then since the forms of /and ^ depend on that of F, those of/' and 
4>' must be connected with those of P^x) and -P'(y). The relations 
between them may be obtained as follows. 

The ratio of the differentials dx and dy must be the same whether 
obtained from (1) or (2). But from (1) we have (Art 123) 

r(x)dX'k'F'(^)dif^O. 
Also from (2) rfy =/' (x) dx^ 

and dx = ^'(y) cfy. 

These equations must be identical ; 

137* Again, let three variables be connected by the twQ 
equations 

-F(*, y, tt) = (1), 

Fi (** 5^, «) = (2), 

and let the explicit equations obtained by the solution of (1) be 

Then the ratios of the differentials may be determined by combining 
the ' equation dF^ = with the differential of either of the above 
forms of equation (1), that is, by combining dFi = with either of 
the following equations : 

JP(jr)cir + JP(^)Jy + JP'(tt)rf« = 0.^ (4), 

du^f{x)dx'^f{^)dy, (5), 

cfc=:^'(y)d[y + 0'(tt)rftt (6), 

dy^>\r\x)dx^'ylf\u)du .(7), 

and since the ratios of the differentials must be the same from which 
ever form they are derived, the -above equations must be identical. 
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Hence by dividing (4) by F'X^) and comparing the coefficients 
with those of (5), we obtain 

rW ^/(„y /W- jv(„)- 

So, from (4) and (6) we find in like manner. 

And from (4) and (7) 

128. The same results may be obtained .somewhat differently, 
as follows. 

If we differentiate equation (1) on the hypothesis that ^ is con- 
stant^ we obtain an equation between the differentials of x and u^ 
which may be written in either of the forms 

r(x)da; + F'{u)d,u^Oy 

or r(x)dje + F\u) du = 0, 

the former expressing the fact that y is constant, by assuming u to 
be expressed as a function of x and y, and differentiated with respect 
to X alone, the latter by assuming or to be expressed as a function of 
u and y, and differentiated with respect to u alone. The one fornr 
tacitly refers to the .first, the other to the second of equations (3). 

Again, by differentiating equations (3) partially, we have 

djup^f (x) dx, djK = ^' (w) du, 
which being substituted in tlie above give 

F\x) + F\u)f{x) = 0, 
F{x)4>\h) + F'(u)^0\ 

Similarly^ by differentiating equation (1) on the hypotheses that 
i; is constant and that u is constant respectively, we should have 
obtained 

■P'Cy)- ^^^ ¥(9)' 

the same relations as those found in the last article. 
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1 29. Examples of the diffi^rentiafion of implicit functions^ 

1. To find -^ from the equation 

The equation may be put into the form 
t« = (j? +^)'- J?'- »iy= 0; 

and i^« = 2(a? + 5()d'y-2jfiyrf^ = g{x + (l-iw)^}flEy; 

*' dx x+ (1— w»)^* 

The same result may be obtained by solving the equation ivith 
respect to y and differentiating the result, when the equations of 
Art 126, will be verified. 

In differentiating an implicit fiinction it is not necessary to re* 
duce it to the form « » O. For if we have 

we obtain by equating the differentials of each side^ 

f\x)dx+f(jf)dy^<t>'{x)dx + ip'{y)d^, 
the same equation which results from the differentation of 

since rf^«{/'(jr)-0'(jp)}ilr, 

«^-l/'(y)-«'(y)}'^y- 

Thus, if we had difi*erentiated the equation 

as it stands, we should have got the equation 

2(ar + ^) {dx + dy) « 2ar dx + Zmy dy, 
which is identical with that found above. 

2, Let the three variables x, y, zhe connected by the equations 

«* / ^ , /,N 

a^'-p'-c^-'^ (^)^ 

x'+y^+z^^f^, (2). 



Then from (1) 



2 J? A? 9y dy ^zdz _ 
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tatd from (2), 2x dx + 2y dy ^ Zzdz^O ; 

.'. elisainating dzy 
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(^--?y^ + (55-?i)i'^i'-0' 






1 j_ 



Jp 



dx Ji ]l y 



c* 



1^ J_ 

Similarly, - = - J— ^^, 



a' c« 



1 1 



and ^^ ~ ^' ^ £ 

The same results may be obtained by first eliminating one of the 
variables between (1) and (2) and the relations of Art. 127) may be 
verified by solving equation (1) with respect to the several variables, 
and comparing the results of differentiating equation (1) and the 
explicit equations so obtained. 

130. In Art. 118, and in the other propositions of this chapter 
deduced from it, the quantities differentiated are functions of one 
independent variable only, for the number of variables in no case 
exceeds the number of equations by more than one. Thus, in the 
general case of Art. 125, we might have eliminated. from the given 
equations, all but two of the variables, leaving an equation of the 
form 

«i =/ W> 
from which, by the fundamental definition we could have obtained 

dxx=^f\x^dx^^ 

The differential equations of Art. 125, merely afford a different 
and generally a readier method of determining the ratio of the same 
differentials. 

If however the number of equations between the variables is 
not sufficient to make them functions of a single independent variable, 
the reasoning of Art. 118, not merely fails, but the result becomes 
unintelligible, because the definition on which it is based ceases to 
have any meaning. 
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Thus let u, x,yhe connected by a skigle equation whose implicit 
and explicit forms are 

^(«>«,^) = ..(1), 

u^f{x,y), (2), 

jr = 0(tt, yX W* 

^ = >Ktf, x), (4). 

Then it will be found impossible to attach any meaning to the 
differentials du, dx, dy. 

For the only definition yet given of a differential is that of 
Art 17^ which is In terms restricted to the case of functions of one 
independent variable^ and may be stated as follows. 

If X and y are functions of one another and an increment Ax be 
given \jo Xy y will receive a corresponding increment Ay bearing a 
definite ratio to Aj? and vanishing with it. Such increments will 
have a limiting xatio^ and this limiting ratio is denoted by the 

ratio -ff . 
ax 

For the sake of perspicuity we have^ in Art. 118^ prefixed the 
term total to the differential of », but we added nothing to th^ 

definition and the -^ of that article means nothing more than the 

limiting value of -^ which might have been obtained by first elimi^ 

nating y between the given equations. So the partial differential^ 
of Art 118 are merely the differentials of u, obtained from the- 
fundamental definition on a particular hypothesis^ and involve no' 
extension of the definition. 

Now if we endeavour to apply the definition to an equation such 
as (1) or (2)^ we find that it gives no meaning to the term differ- 
ential (t. e, total differential)' of u, because the hypothesis on which 
the definition rests^ viz.^ that t^ is a function of some one other variable 
is no longer true. 

Thus, if 

a? + Aa;, y + Ay, ii + Au, 

be values of the variables which satisfy equation (2) we have 

Atf=/(ar + Aar, y + Ay)^/(x, y), 

and no other relation exist between the increments. When an arbi* 
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trary value is given to ^, Au does not assume a definite value, 
until Ay also has been arbitrarily determined. Hence Au does not 
bear a definite ratio either to Ax or Ay but depends on both of them^ 
and no such thing exists as a definite limiting value of either of the 

ratios -r— « ^r— > on which our definition of a differential was founded. 
Ax Ay^ 

In short, the definition of Art 17, was framed exclusively with re-^ 
ference to functions of one independent variable and has na applica- 
tion to the case we are now consideriiig^' 

It is otherwise however with respect to the partial differentials 
and differential coefficients. The values of f(x), f{if) may be ob-* 
tained as before^ sinpe the supposition of only one variable receiving 
an increment, while the other remains constant, reduces the function, 
so far as these operations are concernedj to a function of one variable 
only^ and brings it within the scope of the original definition.. Thus^ 
if X receives an increment Ax while y remains constant, u will re- 
ceive a corresponding increment AJU, bearing a definite ratio to Ax. 

A u 

-~— will therefore have a limiting value when Ax approaches zero, 

and we may define the differentials dji and e2^ to be any quantities 
whose ratio equals that limiting ratio, whence we have (as before), ; 

J=»ftA^^=/'W. and Similarly ^ = ft^^^=/(y). 

Hence^ partial differentials of functions of two independent varl-; 
ab.les have the same meaning as when the variables are connected. 
Total differentials of such functions have no meaning whatever. 

If then, the term total differential is to be applied at all to func- 
tions of two independent variables, it must be by virtue of some new 
definition. As yet, it is undefined, and we are at liberty either to 
leave it undefined and unused, or to define it in any way which may 
be found convenient. In selecting a definition, we shall seek one, 
which, while It applies to functions of two independent variables, in- 
cludes within it the definition before given of a total differential of 
a function of one independent variable only. The advantage of such 
a definition is obvious as it will enable us to work with differentials, 
without enquiring in each case into the number of independent vari- 

• We cannot now use It^^^ instead of It^^^ because /^a and Ay do not necessarily 
vanish togethei^*. 
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ables. Indeed^ unless we attached to the term when extended to 
functions of two independent variables^ a meaning analogous to that 
which it bears when there is only one^ it would be better to leave it 
undefined and to confine its use exclusively to the hitter case. 

In order to maintain this analogy we define the total difierential 
as follows. 

Dbf. The total difierential of a functioa ^sf two independent 
variables is the sum of the partial dtiarentials. 

When i Tpuiwul in analytical language (with reference to 
equation 2,), tiie definition is as follows. The total differential^ du, 
of u is a quantity which satisfies the equation 

du^dju-h dju, 

or du^f(x)dx-^f{y)dy (5). 

So {with reference to equations (S) and (4)} the total differentials 
of « and y are defined by the equations 

dx^^'(u)dU'¥ip'(jf)dy, (6), 

and dy^ylr'(u)du + yl,'(j/)dy, (7), 

or still more generally with reference to the implicit equation (1), 
tiie definition assumes the following shape. 

Ifdx, dy, du are any tiuree quantities which satisfy die equation 

F'(x)dx'hF'(y)dy + F'(z)dz^O, (8), 

dx, dy and du are called tiie total differentials of ^, y and m. 

The several equations (5) (6) (7) and (8) are all identical^ by 
virtue of the necessary relations which exist between the forms of 
^sff^ &nd yj^, as appears from Art. 127> so that the differentials on 
the right hand side of equations (5) (6) and (7) as well as those on 
the left, represent total differentials. 

When « is a function of more tiian two independent variables^ 
the total differential is defined in like manner as tiie sum of the 
partial differentials. Thus, if 

F{x, y ,.. u,v}='0, 
one of the explicit equations being 

« =/(*> y • • • «) 
the total differentials of the variables are defined by the equation 

F'(x) dx + F'(y) dy ...•{. F' (u) du + F\v) dv = 0, 
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or by any of the equivalent equations, as 

du ^f{x) dx +f\y) dy+ ... f{v) dv. 

These equations, thereforej having been deduced from the original 
definition of Art. 17> in l^e only case where that definition applies, 
and being themselves taken as the definition in all other cases, are 
universally true whatever may be l^e number of independent 
variables. 

131. Hence, generally, if n variables are connected by r equa- 
tions, 



the relations among the total difierentials will in all cases be given by 
the equations 

2^,(x,) dasi + ^'i(^«) e/j?a . • . + i^,(ar„) dx^^O, 



132. Whatever be the number of equations between the varia- 
bles, there will be the same number between their differentials. 
Hence, when the variables are functions of one independent variable, 
the number of equations between the differentials will be one less 
than the number of differentials, and one differential may have an 
arbitrary value given to it when the others will take definite corre- 
sponding values. When there are two independent variables, arbi- 
trary values may be given to any two of the differentials, and in 
general as many differentials may be arbitrarily determined as there 
are independent variables in the original equations. 

Thus when the only equation between the variables is 

F^x, y, u) = 0, 

dx, dy, du are by the definition any quantities which satisfy the 
equation 

F'(x) dx + F' (y)dy+ F' (u) du = 0. 

To any two of them, therefore, we may give what values we 
please, when the above equation determines the value of the other. 
So in all cases where there is but one equation given between the 
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variables, all but one of the differentials may have arbitrary vidued 
assigned to them* ... 

133. The definitions of Art. ISO will not at once enable the 
student to attach any other idea to differentials of functions of several 
independent variables than that of quantities which satisfy a par- 
ticular equation. There is nothing in this notion analogous to the 
fundamental idea of differentials of a function of one independent 
variable, vie. quantities whose ratio equals the limiting ratio of the 
increments. Such an idea is however involved in the definition of 
Art ISO, and it is important to cpnsider it, on account of its value in 
geometrical and other applications of the subject. 

An alteration in the fprm .of Art 17 will help to make this dear. 
Let y =/*(«) be any equation connecting x and y; Ax, Ay, corre- 
sponding increments of x and y. 

Conceive two quantities ^x, Zy which do not vanish with Ax and 
Ay but which (as Ax and Ay vary) so change that Sy always bears 
the same ratio to Ix which Ay bears to Aj;. Then, instead of the 
definition of Art 17> we might have defined the differentials to be 
the limiting values of tx and By. For this would have given us 

dy jt^^^ly ^n ^^/. ^ asbefore 
dx^lt^.lx^^^'hx^'^-'Ax'^^^''^^' 

The definition so modified may readily be ejLtended to functions 
of any number of independent variables when it will be expressed 
as follows. 

Def. The total differentials of variables connected by any num- 
ber of equations, are the limiting values of any quantities bearing the 
same proportion to one another as the increments, but not vanishing 
with them. 

It remains to shew that this is identical with the analytical defini-. 
tion of Art 130, which may be done as follows. 

Let u =/(*, y). 

Let Ar, Ay and Au be any increments consistent with the above 
equation. Then 

All «/(« + A«, y + Ay) --/{x, y ) 

= {/(«+A«,y + Ay) -/(* + ^,y)} + {/(* + Ax, y)-/(x,y)} 
= A3,/(ar + Ax, y) + A,/(x, y) 
= P.Ax + Q.Ay, 
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where p,A,/(,,y) q^^C^ + Ax^, 

Ax Ay 

Therefore if Bti, Sx, 3^/ be any quantities bearing the same pro^ 
portion to one another as Am, Ar^ A^, we have 

In the limits when all the increments approach zero, Zu, ix and 
3y become, according to the above definition, dUy dx and dy, and we 
have 

Also as in Art. 118, • 

and/^^Q=.//^ ^/(-^^^->^) ^/(3^); 

.-. du==f{x)dx+f\i/)dif, 

which is the equation by which the differentials were defined in Art. 
130. A similar proof may be applied to functions of any number of 
variables*. 

* The mode In which the definition of a differential Is extended in the text to 
cases not contemplated hy the original definition may occasion some little difBculty* 
The principle however is not peculiar to this subject and is precisely the same as that 
adopted with reference to the fundamental definitions of Algebra. One instance will 
be familiar to most readers : a"* is defined when m is a positive integer as the product 
obtained by multiplying a by itself m -> 1 times. Hence result the equations 

a« . «• as «"•+% 



— = a 



The above definition is obviously unmeaning when m Is negative or friUstional. Wet 
can attach no idea for instance to the multiplication of a by itself half a time. A new 
definition becomes necessary, and accordingly we define a"* (when m is other than a 
positive integer) to be such a quantity as satisfies the above equations, which ihen 
hold universally. This is precisely analogous to what we did in Art 130 of the text. 
Having so defined tf" in all cases, the next question is whether we can attach any; 
meaning to it beyond that of a quantity satisfying particular equations, and the 

1 -i ml — 

result obtained is that <r-* means — and tf" means ^a. The analogy between this. 

explication of the definition of a* and the process of Art 133 will be readily seen. 

The primary rules of algebra require ta be extended beyond their original 
meaning in the same way as the definition of a% although such an extension is com* 
monly omitted in elementary works for the sake of evading a difficulty. at th^ 
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134» It may be observed, that to any two of the incrementi 
Ati, Aj^ Ay, in the last Article, we may give arbitrary values. 
Hence two of the quantities lu, ^x, By, which are in the same pro- 
portion, wiU also be arbitrary, and the same must be true of their 
limiting values du, dxy dtfy a conclusion somewhat differently arrived 
at in Art. 132. 

' 135. The following figure will be intelligible to those who are 
acquainted with Analytical Geometry of three dimensions, and will 
shew the geometrical meaning of the differentials of functions of two 
independent variables. « 

^^ m: m 




PQRS represents a portion of the surface whose equation is 
z =/(«, y), the axis of x being parallel to Pm, that of y parallel to Pn, 
and that of z downwards (which makes the figure clearer than if 
jff were measured, as usual, upwards). 

Let P be the point x,if,z; 

PM^H^, PN^Ay. 

Then the increment of z corresponding to an increment of x alone 

threshold of the subject, and the rules are in fact proved only for particular cases and 
then. tacitly assumed to be unitersally true. In strictness tiiey can only be gene* 
nlized by a method similar to that of the text and affording a useful illustration of it. 
On this subject the reader is referred to Ohm*s Mathematical Ajoalysis, trans-, 
lated by £llis, liondon, 1843. 
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is MQ, thfit corresponding to an increment of ^ alone is NRy and 
that corresponding to increments of both variables is LS ; 

Also 22 F and QU being drawn parallel to a and y, 

VS^^A^{x,y + Ay), US^A,f{x + Ax,y\ 

since VS is< what MQ, becomes when ^ + Ay is put in the place of 
y, and VS the value of NR when x + A^ is put for «r. 

If Fm, Pn are lines of any length parallel to x and y respectively, 
Pqsr the tangent plane at P, and therefore Pq, Pr the tangents to 
the sections PQ^ PR, we may put 

Pm^dx, Pn^dy; 

whence we have (as in Art. 19) 

mq = dgZ = lu, nr = dj^s == Iv, 

Also since qs is parallel to Pi*, us^nr; 

.•. Is^^lu + us^lu + nr^ d^z + d^z^ 
••. Is^dz, 

Hence the significance of the definition of Art. 135 appears. For 
as PM and P^ diminish, the surface becomes more and more nearly 
identical with its tangent plane ; and since the increments are the 
co-ordinates from P of any point whatever (<S) of the surface, the 
differentials (or the limiting values of quantities in the same pro- 
portion as the increments) must be the co-ordinates from P of any 
point whatever {s) of the tangent plane at P; which agrees with 
the above construction. 

136. Exactly as in the case of equations of one independent 
variable, so when there are more, those variables whose differentials 
are assumed to be constant are called the independent variables, and 
when none of the differentials are considered constant, the inde* 
pendent variables are said to be general. 

Since the partial diff*erentials and differential coefficients are gene* 
rally variable, we may have second, third ...n*^ partial differential: 
coefficients and partial differentials, as has already been seen with 
respect to total differentials of functions of one variiable. The same 
will also be true of the total differentials of functions of several 
variables, these being generally variable. 



d6 DIFFERENTIATION OF 

Again, if 21 IS a function of two variables x and y, the partial 
differential or differential coefficient of u with respect to x will 
generally be a function of ^ as well as or, and may therefore be dif- 
ferentiated partially with • respect to y. Hence we may have such 
quantities as 



MM«)}, «^-K(«)}. — . 



*(S <i) 



dy ' cH 

These latter m^y be represented in the functional notation by the 
symbols /"Cy, 9)i f'{fy y)y these symbols being understood to mean 
that we are to differentiate u twice, first partially with respect to Xy 
and then partially with respect to y, and in the reverse order re- 
spectively. We shall now shew that the order in which such dif- 
ferentiations are performed is immaterial. 

137. To shew that -1^= is. 

ax , ay 

By the definition of partial differentials, we have, if u =f(x, y), 
Now when x becomes x + Ax, the above expression becomes 

lU l /(^ ■^ ^> J^ ^- Ay) -/("g + ^> y) \ 

and A^ -f- is the difference between these two values : 

4y 



.'M 



j'tf , which by the definition = &a«=i) . « 



Ax "■ J 



'*^' A* 



^^ J Ax + ^,y + Ay)^f(x+Ax,y)-/(x,y + Ax)+f(x,y) ) 
^\ Ax Ay J' 

writing li/^ because it ctppears by the previous step that the limitsr 
are to be taken by making both Ax and A^ approach zero. 

The value of , may be found in the same way, and will 
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he precisely the same as that of ^ since the above expression 

(being perfectly symmetrical) remains unaltered when x and ^ are 
interchanged. 

(IX ay 

and the symbol, /"(ar, y) may be used to denote either of them. 

Cor. 1, If J? and p are independent variables, we obtain from 
the above equation, since dxy dy are constant, 

dJlyU _ dj/dji 
dxdy ~ dxdy * 

In this case therefore, dji^u = d^^u. 

It must be remembered that this equation does not hold, unless 
X and y are independent variables. 

dM) dM\ - / 

CoR. 2. From the equation , ^ = , it is easily seen 

that when a function is to be differentiated m times partially with 
respect to one variable, and n times with respect to another, the 
order in which the differentiations are performed is immaterial ; for 
by repeatedly interchanging any two contiguous symbols (by virtue 
of the above theorem) the order may evidently be changed in any 
knanner we please. 

138. On the notations employed to represent successive partial 
differentials and differential coefficients. 

Having employed dju,y dyU to represent the partial differentials 
of u with respect to x and y^ the successive partial differentials must, 
consistently with our notation in the case of functions of one inde- 
pendent variable, be represented by 

rf,w, d^u dj^\ djfU, d^u rfy^"^^, djij,u d^d*u (1), 

and representing the partial differential coefficients of u or F{x, y) by 
JF'(a?) and F'{y\ the successive partial differential coefficients with 
respect to x alone and y alone must be represented by 

-F'(^), F\x) F-\x), r(yl F%) F<'^(y) ... (2). 

When we first find the partial differential coefficient of u with 

respect to x, and then with respect to y, the result has been repre- 
H. D. c. 7 
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sented by F'^{x, y); bl notation which cannot conveniently be ex- 
tended to the case where the function is differentiated m times with 
respect to x^ and » times with respect to y. This might be expressed 
by the symbol jF*"^^(j:^, y^, but such a notation would be vfery in- 
convenient in practice. 

Since, as far as partial differentiation is concerned, u may be con- 
sidered as a function of one variable only, the values of the differ- 
ential coefficients in terms of the differentials will be^ (Art 98)> when 
the independent variables are general, 

dx ' dx ' *^- dy' dy ' ^^' dx ' ^^- • • W' 

which differ from the expressions in the case of one independent 

variable^ only by the use of the subscripts, to denote the variable 

with respect to which the differentiations are performed. When x 

and y are both independent variables, these become (Art. 99)* 

d,u d^u d^u dyii dyU dy*u djdyU dj^d*u . ^ 
dx' dj!'"^dx*' dy' dy*"'dy''' dxdy'" daTdf^''^ ^' 

These notations (S), (3), (4) are precise^ but the functional nota- 
tion (2) cannot be conveniently extended to the general case ; (3) if 
used merely as a notation to represent differential coefficients, is 
excessively cumbersome, and (4) holds only when x and y are made 
independent variables. To obviate these objections a less expressive 
but more convenient notation is generally employed. 

In the first place the expressions (4) are used for the differential 
coefficients, not only when x and y are independent variables, but in 
all cases. When this is done, the numerators cease to represent the 
successive differentials as heretofore ; but this will occasion no error 
if we regard those expressions merely as symbols, and not as frac- 
tions. This inseparability of numerator and denominator is indi- 
cated by enclosing them in brackets ; and since the variable with 
respect to which the differentiations are performed is then sufficiently 
indicated, by the inseparable denominator, the subscripts also are 
omitted. 

The partial differential coefficients are then represented by 
(du\ /cfiA (dru\ (du\ fd^u\ (dru\ 

\dxdy)"\dx-dy^)'*'^^^* . 




d!'u = d{[-T-]dx}+ d 



FUNCTIONS OF SEVERAL VARIABLES. 99 

Where the nature of the problem precludes any probability of 
error, even the brackets are frequently omitted. g 

The notation (2) is recommended in preference, where no differ- 
ential coefficients beyond the second occur ; in other cases (5) should 
be employed. The latter however is more generally adopted in all 
cases. For the sake of familiarising the reader with it, we shall 
employ it in the following propositions. 

139. To express the successive total differentials of u or F (x, y) 
in terms of those of x and y, and the partial differential coefficients of 
tt, neither x nor y being independent variables. 

We have 

du = d,u + dyU ., . (1), 

Substituting these values, remembering that f , " j = f , " j 
have 

(s) 

Equations (l) and (2) give du and d^u, and by proceeding in the 
same way the expressions for the differentials of higher orders may 
be obtained, but they increase rapidly in complexity as we advance, 
when X and y are not independent variables. 

140* The expressions for the successive total differentials in 

terms of the successive partial differentials of u are easily obtained 

Thus 

du = d„u + Jy w, 

d^u = d„ {d„u + 4,w} + dy {dju + dyu}^ 

.% d^u = d^u + d, dyU + dy dju + d^u ; 

7—2 



we 
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and similar equations for the differentials of higher orders. It'will 
be observed that d„ dyU and dj, d,u are not equal because x and y are 
not independent variables. 

Equations in the above form are of little use, but we may deduce 
from them the equations of the preceding Article, which we will 
now do as an illustration of the principles above explained. 

141. From the equation 

d^u = d^u + rf, rf^w + dj, dji + d^Uy 

to express d^u in terms of the partial differential coefficients of «. 

• IS. 

similarly 

Adding these quantities, we obtain 

since d„dx-^dydx= ^x and d^ dy -^irdydy- d^y. 

142. The expressions which we have found for the differentials 
of M, hold not only when x and y are connected by some further 
equation, when one at least of the differentials dx^ dy must be vari- 
able, but also when there is no other relation between the variables 
than the equation u — F{x, y), so long as the independent variables 
are left general. On account of the complexity of those expressions 
this is seldom done, but the variables under the functional sign are 
almost always made the independent variables. 
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143- To express the successive total differentials of u or Fi^jr, y) 
in terms of the partial differential coefficients when a: and y are 
independent variables. 

We have du = d^u ■\- d^u^ 

Also d^u == djiu + dj/du^ 

■since dx and dy are constant. 

By differentiating d^Uy we obtain^ in like manner, 

In these equations it may be observed that the coefficients and 

the indices of the operations -p, -j- and of the differentials dx, dy 

are the same as those ,of the binomia theorem, l&y assuming this 
for df*M, it may be proved for d^^u, by differentiation, and being true 
for d^Uy (Pu^ is therefore generally true. This theorem may be 
written in an abbreviated form, thus, 

/ dy 

with the convention that wherever in the expansion we find ( ;7- ] dx'^y 
we are to write ( j3)^^ and where we find f-v-j l-j-jdx^djfi, to 

^''^"^ (^)^'^^' 

The theorem may easily be extended to functions of any number 
of variables. Thus if 

u = F(xiy ar3...ar„), 

^"= i©'^'*-' (I;) '^••••■'(^ *'"}""' 

a?,, Xa,,,x„ being independent variables. 

144. To change the independent variables in an equation in* 
volving partial differential coefficients of a function of two inde- 
pendent variables, from one system to another. 

Let u = F(x^y), 

and let it be required to change the independent variables from 
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X and y to r and d^ where these latter are connected with the former 
by the equations 

By substituting the values of x and y obtained from these equations^ 
u becomes a function of r and d. Also 

\dx) ~ \4r) \dx) ■*" \de) \dx) • 
i-j-)} ( J-) being the differential coefficients of r and B on the sup- 
position that y is constant, and therefore equal to ^'(x), >^''(xX ^hich 
may be found from the above equations. 

In like manner, we have 



(diA _ (d;A (dr\ /du\ fde\ 
\dy) " \drj \dy) "^ W \dy) * 



by substituting which values in the given equation the transforma-* 
tion is effected. 

The expressions for the differential coefficients of higher orders 
are obtained in a similar manner, but the general expressions are 
somewhat complicated, and all that is necessary is to pursue the 
same method in any particular case. 

145. When the equations connecting r and 6 with x and y can- 
not be reduced to such a form as to give r and 6 explicitly in terms 
of X and y, we must proceed as follows. 

Let x-^(r, a), y^yl.(r,e). 

Then 



/^\ _ fdu\ fdx\ fdu\ fdy\ 
\drj - \dxj \drj "^ \dyj \drj' 

Eliminating successively (j-J and ij-), 'we obtmn 

/du\ (di\_fdu\ /dy\ 
(du\ \dr) \de) \de) \dr) 
\ix) (dx\ /dy\ (dx\ (dyy 

\drj \d0j \dej \drj 

/du\ \de) \dr) \dr) W 

>'^"(D(S)-©(D' 
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The partial differential coefficients of x and y are immediately de- 
ducible from the equations connecting x and y with r and d^ and the 
transformation is effected by substituting in the given equation the 

above values of f— J and (t-). 

146. We will take as an example the expression 

fdR\ /dR\ 

the new independent variablejs being determined by the equations 

r'^x'-hu^ tan^=^. 
^ ' X 

/dR\ . /dR\ sin 6 

Also (^ = (^)^{.(g)_L_^, 

\dy/ \dr J r \ddj xsecrd 

(dR\ . - /dR\ cos 
-^ 1 sm ^ + ' — ^ 



JrJ 

(dR\ \y cos d — x sin Q\ fdR\ 
■de)f r r'Kdf)- 

We will treat the same function by the method of Art. 145^ em« 
ploying the equations 

x — r cos d, y — r sin 0, 

dR\ sinfl 




•■•(f)-(S)—(S) , 

^dR\ fdR\ . ^ /if i^v cos ^ 



fdR\ fdR\ . . /£fi2\ 



r 
whence, as before, the expression is reduced to the form 

' dR \ 
dr)' 

Examples will be found in Gregory's Examples, Chap. i. u. 
and III. 






CHAPTER VII. 
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147* To expand /(x + h) in ascending powers of k. 

Lemma. If ^ (x) be any function of x, such that ^ (a) - and 
ip'Qe) is positive for all values of^froma to a + h inclusive, then 
ip {x) will (between the same limits) have the same sign &s k; and 
if <p'(x) be negative for all values of x within those limits, then <p (x) 
will have a different sign from h. 

This follows at once from the consideration, that the differential 
coefficient of if> (x) with respect to x equals the ratio of the rates of 
increase o£(p(x) and x^» 

Let now F(x) be a function of x such that F(a) » 0, and let A, 
and B be the greatest and least values of — — ^-4szi when x varies 
from a up to a + k. Then between these limits, 

n(X"ay-' »(ar-a)"-* 

are constantly positive, 

.-. ^ n (or - a)-* - jP'(jr) and F' {x) - Bn\x - <i)-i, 

are both constantly positive or constantly negative, since (or — «)""* 
cannot change its sign within the given limits ; 

.-. iril>i(x)^A(x-ay^F(x) and ^,(0?) = JP(ar)- jB(jr-a)% 

* The Lemma becomes more obvious from the followiog construction. Let OAB 
be the axis of a^ OA being equal to a, and OB to a +h,h being in this case positive. 

Fig. 1. Fig. 2. 





Then the curve ^ = ^ (d?) must by the assumed c<mdition8 pass through A^ and (if the 
differential coefficient is positive from Ato B)itB form must be that of figure 1, and 
y will be positive between A and B, So ifh is negative, and therefore OB' less than 
OA, y will be negative. If <^' is negative, the curve will be asin figured. 
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the above quantities will be the values of <pi(a:) and ^/(j?), and 
01 (x) and 03 (^) will satisfy the conditions of the lemma, and will 
therefore both be positive or both negative within the given limits, 

. F{a!) , Fix) „ 
.*. -4-7 — Mrr and 7 — ^^.-B, 

hav^ the same . sign;, wherefore^ giving to j: one of the admissible 
values, viz. a + h. — ^-- — ^ lies between A and B. 
This may be expressed by the equation 

where ^1 has some unknown value between and 1, since the 
quantity on the right of the equation may> by varying ^1 from to 1, 
be made to assume all values from B to A, some one of which must 
therefore satisfy the above equation* 

If not only F (a) but also F\d) equals zero, we may prove in the 
same way that 

F\aA-e,h) F''(a + dji) 

(a, A)-' (n-ixd^y-'* 

where 0^ has some imknown value between Oand ^g, and therefore 
a ybr/iort between and 1. 

If all the quantities F(a), F\a) ... F^*-*^(a), equal zero, we may 
obtain a series of equations similar to the above, of which the last is 

where the value of B must lie between and 1. 

Collecting these equations, we have (with this last set of con- 
ditions), 

Fja + h) F^i a^-eh) .. 

'~h^ ^ ^^^' 

where has some unknown value between and 1. 
We will now give a particular value to F(j3c)^ viz. 

r(*)=/(*)-{/(fl)+/(a)(^fl)+/"(a)<^|^...+/--'>(«)^^'}. 

By differentiating F{x) successively, we obtain, 

(or-fl)* 



F\x) =/'(x) - I f{a) +/-(«) (^ - a) + . . . +/-1) (.a)^^^^ } 



fi-S 
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f"(x)=/"(*)- {/'(«) +/"(«) (*-«)+ - +/-"(«) ^^J^}' 

F»(x) =/"(*) - { /«(a) +/'*'>(a) (« - a) + . . . +/->(«) ^^^^ } » 

F«-'(*)=/*-«(x)-tr-'(a)}, 
JP'(*)=/"(x). 
All the terms within the brackets in the above expressions^ ex- 
cept the first, are multiplied by some power of (jp-c), and will 
therefore vanish when x is made equal to a^ unless some of their 
coefficients are infinite. 

If, therefore, /(a?) be such a function that none of the differential 
coefficients /*(«) f(a) .../^*(fl) are infinite, we shall have 
J'(fl) = 0, F^a) = . . . F'>(fl) = . . . F^\a) = 0, 
and ^"^W-A*)' 

F(x) therefore satisfies the conditions necessary to equation (1) and 
by substituting the values of F(x) and F^^^x) in that equation it 
becomes 

/(a + A)=/(a)+/'(«)A+/"(«)^'-+/'^"(«)||^+/"(« + »A)|» 

~ (2). 

In this expression we may give to n any value we please (if by 

so doing we introduce no infinite differential coefficients); and if 

none of the diffisrential coefficients of /(«) become infinite when 

a; =aj II may be taken indefinitely large, and we have 

The series in ibis form is called Taylor's theorem. 

The last term in expression (2) is evidently the difference between 
this infinite series and its first (it) terms. Its value cannot be exactly 
determined, since B is unknown, but we can determine the greatest 
and least values which it can assume while & lies between and 1. 
Since the remainder of the series after (n) terms must lie between 
these values, they are called the limits of the remainder of Taylor's 
series. 

148. The above series is true for all values of h, and therefore 
amofig others for the value da. If u ^/(x) and h = dx, the general 
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term of the series becomes*^ — K^ — , or (if x is taken for indepen- 

dent variable) -^ . 

\r 

In this case^ therefore^ we have 

/(JP + (W) =« M + ow + -r— +. . . + -r— . . .t« i>5^* 

149. As an example of the application of Taylor's theorem, let 
/(or) slog X, and let it be required to expand log (1 + or) in powers 
of X. 

We have 

/(«) = log X, .-. /(I) = log (1) = 0, 

Mr 



X' 



• . • 



/•>(*)=(« ir i^ , /"^(o =(- ir*i?-j> 






.-. log (1 4- 0?) = Jr - ~ + |2 rg . . . -f (~ l)""' !?! - 1 -r-^. . . iw tii/I 

The limits of the remainder after n terms will be the greatest 
and least values of •'— -^ -of from ^ = to ^ = 1, and 

/'^(i + Bx) or (^ir^ 

[» "" n (l+0x)-V 

Hence the limits are (- l)-» - and (- 1)-* .,^ -., . 

150. To expand /(or) in ascending powers of x. 

If in the expansion of /(a + h) given by Taylor's theorem, we put 
a s 0, A s jp, we have, 

• A*) =/(o) +/(o) * +/'(o) I • . . +/"-'(o) ifri +/*"W ^ J - 



«» 



or /(«) =/(0) +/(0)« +/"(0) T|+ . . .. in in/. 
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This is called Stirling's or Maclaurin's theorem, and is, as we 
see, only a particular case of Taylor s theorem. 

The condition that none of the quantities /(O), /'(O), &c. should 
be infinite is necessary to its truth in the second form, the first re- 
quiring only that those up to the «* order should be finite. 

151. As an example of the application of Stirling's theorem, let 
it be required to expand sin x in powers of x. 
We have f{x) = sin x, r. f(p) = 0, 

f(x)^C08X, .\ f(0)^l, 

/"(«) = - sin j:, .•./"(0) = 0, 



/•)(x) » sin (* + « j) > .-. rm = (- 1)*^""" if n IS odd, 

s= if » is even. 

.-. sin * = *-|3 + |5 +(-1)-' H^ri '« •«/• 

The limits of the remainder after the term involving a^* will be the 
greatest and least values off^iBx) ^ , 

and /"-W -^ = sin (fl* + ^^) ^^ 

= (-l)-sin(fl*)^. 

Hence the limits are and (- 1)* sin x j^. 

152. To determine the nature of the expansion of /(a + h) when 
Taylor s theorem fails. 

This will happen when any of the functions f{a)yf{a),f'(a)y &rc. 

become infinite. 

(1 ) Suppose /(a) = oo , 

Then f{x) can generally be expressed in the form 

where m has such a value that 4>(a) is finite. Hence Taylor's 
theorem holds with respect to <p (a + h\ 
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t. e. the expansion o£/(a + h) contains negative powers of h when 
/(a) = co. 

(2) Suppose that the first of the series of functions /(x), fix), 
f'{x), &c. which becomes infinite when a; = a, is /^""^(x). 

Let F(») =/(*) - {/(a) +/(«)(* - a) ... +/'-"(a) ^^~J'j^ } . 

Then, since all the quantities introduced in the above expression are 
finite, we shall have, as before, (Art. 147), 

F(a)^Oy F'id)=0, F'->>(fl) = 0, i^^a) =/'^(a) = co • 

Hence we have, as in the proof of Taylor's theorem^ 

F(a + h) _ F^^'X^ + dh) 



F(a + h) F'Xa + ^h) 

which equations being always true, are true in the limit ; 

. F{a + h) _ F^-\d) 



and It^^^-^ [7^ = ~- 

Now there will generally be some value of m such that 
//AaB — ^^ — - shall be neither :Bero nor infinite; and in order that 

the above equations may be true, rn must lie between r — 1 and r. 
Wc shall therefore have 

where C is independent of h and P a quantity which vanishes with 
hy and which, when arranged in powers of h, must be of the form 
C'A" + C'k" + &C. 

.\ F{a + h)^Ch'^ + C'h^^^^ + C''h^'^^ + &c 
or, putting for F(,a + h) its value, 

/(a + h) =/(a) +fXa)h +/'-*»(«) T^ + Ch^ + Ch^ + &c 

t. e, the expansion follows the law of Taylor's theorem so long as that 
gives finite coefficients, after which a series of fractional powers of k 
commences, the first of which lies between the last integral index 
and the integer next greater than it 
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153. It will be observed that the term genertdly has been used 
in these demonstrations. The fact is, that our assumption that/(x) 
may be expressed in the form ^(x) (x — a)"^, where tp (x) neither 
equals zero nor infinity when jp » a, is not universally true ; and in 
these cases it is impossible to expand the function f(x) in ascending 
powers of the required quantity /u Thus, for example, if /(«) 
= log(a:-a), /(a) = log » - OD, and ft^/(a?) (or - u)" = 0, for all 
values of m, however small*; t* e. ^(a)=0 for all finite values of 
m, and « oo when m » : there is therefore, in this particular case, 
no function such as we have supposed ^(«) to be, which shall 
=/(x) (x — «)"•, and yet be neither zero nor infinity when x = a. In 
this case the expansion of f(a + h), t. e, of log h in powers of A« 
cannot be found. 

154. Taylor's and Stirling's theorems enable us to expand all 
functions of one variable whose successive differential coefficients 
can be found. 

Expansions may sometimes be found more readily by the fol* 
lowing method. 

Let/(a;) be the function to be expanded in powers of x. 

Assume /{x) = A+Bx+ Cx' + 

then /(^)= B + 2Cx+ 

/"(x)= 2C+&C. 

Now if any of these differential coefficients are quantities which can 
be readily expanded by algebraical processes, or if any relation can 
be found between the quantities /(«), /X'X ^^'> ^^ ^^ evident that, 
by substituting for them the above values, we shall obtain an equa* 
tion for determining the indeterminate coefficients Ay By Cy &c. by 
equating coefficients of equal powers of x. 

* This may be proyed as follows: 

assume log (*— a)=— y; 

.*, y Bs 00 when * = a 5 
.-. //x=.(4?-a)rlog(j?-a) = -//y^^e-vyz=-//y«„ J[ 

LI- 



howeyer small m may be. 
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As an example of this method, let /(a;) == sin x. Assume 
sin 4P = il<, +^iJ: + ^gar*, . *+i<,«" +. . . 
or, as it may be written, 

sin « = 2-4^. 
Differentiating this equation twice, we obtain 

— ain jp =« 2» (» — 1 ) ^^•-% 

The coefficient of o:^' in the above is A^^g + « (» - 1) -4,, 

• •. 
Also, since 11,^^ = 1, A^^^^O, Ai^l, 

and making n in the above equation successively 2, 3, 4 . . . 2ni, 
2»i + 1, we obtain 

Aq + 2,1,A2=.0, .•• -4,«0, 

j4a + 4.3.-44 = 0, /. -44 = 0, 



^ft.»-« + 2m.2m - lA^ = 0, .-. A^tm = 0, 

1 



«m3 <V»^ m*"!! 1 

.'. sin JP = a? — r^ + T-Z . • • + (- 1)"* fTi r + . • .• 

155. To expand /(re + A, ^ + ^) in powers of h and k^ 

If we consider /(rr, ^) as a function of ^ alone, and differentiate 
partially with respect to ^, we shall have, by Taylor's theorem, 

If in thie above we write a: + A for jr, we obtain 

. dfia: + k,y) ,^ ^ d'/Cx + h, y} k' ^ drf{x-\-k,y) k\ 
^ Ty *-" 1^' [2'--^ ^^ P_+--- 

* The brackets are omitted from the partial differential coefficients for convenience, 
as no error can arise from so doing. 
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Expanding^ in like manner^ each term of the above series, 
d f[x + h,y) d/jx.s) , «^/('r,y) j^ ,<f/(*,y) A'-' , " 



d/ rf/ dar-^df/ | »-2 



+ ... 






Therefore, substituting these values in theabove equation, we obtain 
[2\ cte" dlicrf^ df/ j 



+ 
+ 






It will be observed that the coefficients and the indices of h 
and k, in the quantities within the brackets, are those given by the 
binomial theorem. 

If.. 

156. If in the above proof we had changed x into x-\-h before 
changing y into y + k, the coefficient of h'^k' would have been 
changed from 

i_ ^/(^> y) ^ _J^ ^/(*, y) 



n — r doT^^'dtf [w — r dtfdaH^ 



Hence ^A^> V) ^ ^fiP^^ y) 

"*"''® dor^^^~ " difdx^' 

or the order of partial differentiation is immaterial, a property which 
we have before proved. (Art. 137.) 

157. The limits of the remainder of the above series, after 
terms of the (»- 1)*^ degi:ee in h and ky will be given by putting 
X + dh, y + 6k for x and y in all the terms of the «*** degree, and 
determining the greatest and least values of each terra when 6 varies 
from to 1, 
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This series, like that on which it depends^ fails when any diiFer- 
ential coefficients become infinite for the particular value assigned 
to X. 

158. If we put h = dxy k = dy^ and u =/(a', y\ and consider 
X and ffy independent variables^ Taylor's series for two variables, 
gives, 

/(j? + «, y + ^) = M + aM +-j — ... + -j — v.,,tninj, 

as appears by Art. 143. 

159. With the same conventions as those employed in Art. 143> 
Taylor's theorem for one and for two variables may be written 

In like manner it may be proved that 

/(« + A, y + A, 2 + /...) = £('^**'»'"'S*-"^/(*, y, «...). 
If the variables under the functional sign are made independent 
variables^ all the above forms are included in the general expression 

f{x +dp, ^ + efy, . . .) = e^/{x, y ...) 
d being the total differential. 

160. Lagrange's theorem. From the equations 

y^z + x<p{tf) (1), 

«-/0^) (2), 

to expand u in ascending powers of x* 

By Stirling's theorem^ 

From(l) ^=*(5') + *^'(y)^. 



dy 
dz 



dx l-x<j>'{t/) ^^'" dz 



and therefore, if Uhe any function of y. 



dU ^. .dU ,^. 



B. D. O. 



8 
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Let U=^ u, therefore ^ = ^ (^) j" • 
Also, since 5^=-^'(y^ J' 

dF 
If therefore V be such a function of^ that -j- = ^(^)/'Cy)> 

d-u d dF d dF d(.,.dF\, ,,. 



= ^ { * ^^' i } P"**^°8 ^"^ ^ '*" *^''^- 



Now suppose g=-^|^(y)-g|, 

<?^'«_ rf" f . du\ 

'• dtr*'~aid^\'^^^ Tzi' 

d' (dF,\ 



I.e. if the law of formation above assumed holds for -p-, it holds 
for -^— J ; and, as it has been proved for -p, , it holds generally. 

Hence we have v^ =/(^)> 



(£).=l^{^(')"/'(^)}' 
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and the expansion becomes 

«=/(y)=/(3)+0('^)/(«)* 

]61. Laplace's theorem. From the equations 

y-^F{z + x^{y)} (1), 

w=/(^) •. (2), 

to expand u in ascending powers of x. 

By Stirling's theorem, 

From (1), g - F' {z + o:^ {y)} { ^ (y) + *^'(y) g } . 

-1 = ^(^)1' 
dU _,, .dU 

•'•li-'^^^-d; («)' 

where t/ is any function of y. 

Let i7=«, and assume ^(^) 7"=^/— where F is some function 
of y; 

dx" dx \dz) dz dx * 



-5{*«'e}- 



By the same process as in Lagrange's theorem^ we may shew 
from this equation and equation (3) that the successive differential 
coefficients are given by the same law, 

Hence u,^f{F{z% 

8—2 
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162. Laplace's theorem may be deduced from Lagrange's as 
follows. 

Let 2 + x0(y) = », .-. if = F(v), 

t 

These equations are now in the form required by Lagrange's 
theorem, in which we have only to change/ and ^ into fF and tpF, 
when we obtain the expansion ofuas given by Laplace's theorem. 



CHAPTER VIII. 

LIMITING VALUES OF INDETERMINATE FUNCTIONS.-, 
MAXIMA AND MINIMA VALUES OF FUNCTIONS. 

» 

163. To determine the limiting value of a fraction whicH 
assumes the form ^ for a particular value of the variable. 

^^^ ^ ; ( be a fraction whose numerator and denominator both 
vanish when a? = a. 

By the definition of a differential coefficient. 



Ax 

" •• "^<p(x +Ax)-^(x)~ ^'(x) • • • • y^' 

In the . above equation put x = a, 

fja + Ax) f'(a) 

If •^-4-^ is of the form 5> this equation is indeterminate, but in that 
case we have, since equation (1) is true in the limit, 

Let now the first pair of differential coefficients of the sam^ 
order of /(a?) and <t>(x), whose ratio is determinate when or = a, be 
f^\a\ <t>^*^(a) ; then, by applying the above result to the differential 
coefficients in succession, we have 

'~ ^ (x) " "*=• yj^ ^'*'" (*) *'*' («) ' 

164. To determine the limiting value of a function which as- 
sumes the form ^ for a particular value of (he variable. 
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Let the fraction be ^-^ where/(a) = od, (a) = od. Then 

ax {tp{x)} 



I, f(^-lt tSfl-lf f^liiiil bv the above 

the same expression as that found when /(a) and (p (a) equal zero. 
If/' (a) and <p'(a) have a determinate ratio^ this becomes 

It A') ^ /(."). 

■='<t>(x) ,p\ay 

but if /^'(a), ^'''C") '^ ^^^ ^^^ P^*^ *'^ differential coefficients whose 
ratio is actual, we have, as before, 

ll /(*)_/"('') 

"«^(*)-r'(«)* 

165. If aZ/ the differential coefficients off(x) and 0(dr) have 
indeterminate ratios when x = a, this method fails to determine the 
limiting value of the fraction. In this case we can only obtain it by 
algebraical methods^ as in the examples of Chapter II. We may 
proceed as follows : 



Let the expansions o£/(a+k), <f>(a + A) in ascending powers of ^, 
obtained algebraically (since, when the differential coefficients become 
infinite^ Taylor's theorem fails) be * 

where m and m' must be negative or fractional. Then 

"'^ <p (x) " "'^ A'hr' + B'h-' + . . . ' 
- // :^'""^+ Bk'-^' + . . . ' 

= if m is > m', 
= j^ifm = 7/i', 

a= CO if f7I< w'. 
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If we had employed this method when neither /(a), (p (a) nor any 
of the differential coefficients are infinite^ we should have obtained 
the results of Art. l6S, as is* evident from the fact that the expan- 
sions will be those given by Taylor's theorem. 

166. There are some other indeterminate forms which a func- 
tion may assume, the limiting values of which may be made to de- 
pend on those of functions which assume the form •^. Such forms 
are 0^ co^, 1=*=«. 

(1) Let tt=/(x)*(') where /(a) = 0, ^(a) = 0; so that when 
a:=:ay u is of the form of 0^ Then 

u =n 6*(*)iog/(*), 

and when x = a, (p (x) logf(x) assumes the form O.oo or %y the limit 
of which can therefore be determined^ and thence that of tr. 

(2) Let f(a) = oo, <p{a) = 0; then u assumes the form oo* when 
x = ai but ^ (a?) log/ (a:) assumes the form O.oo or .0 , the limit of 
which, and thence that of t/, can be determined. 

(3) Let /(a) = 1, ^ (a) = ± od. Then u assumes the form 1*" 
when x^a, and ^ (a) log/(jr) assumes the form oo.O or ^, the limit 
of which, and thence that of m, can be determined. 

Maxima and Minima* 

167* To find the maxima and minima values of functions of one 
variable. 

Dep. If, when x receives a continuous increase, /(x) increases 
until X has a certain value, a, and afterwards decreases,/(a) is called 
a maximum value o£/(x); and if /(a?) decreases until x attains the 
value a and afterwards increases, f{a) is called a minimum value 

of/(^). 

Since fix) equals the ratio of the rates of increase of /(«) and x, 
it follows that when an increase of x produces an increase of /(or), 
/'(a?) must be positive, and when an increase of x produces a de- 
crease of f(x)^ fXx) must be negative. Hence when x, in the 
course of its increase, passes through a value, a, which makes /(«) 
a maximum or minimum, /{x) must change its sign from positive to 
negative in the former, and from negative to positive in the latter 
case. 
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Hence at such a point f{a) must either e(\av\ zero or infinity. 

The converse of this however^ viz. that all values of x which 
make f(jx) either zero or infinite correspond to maxima or minima 
values o£/{x), is not true; because a function^ &s /'(jx), may pass 
through these values without changing its sign, which is the criterion 
o£f(x) having a maximum or minimum value. 

To determine, therefore, all the values of x which make /(x) d 
maximum or minimum, we must first find the values of x which 
satisfy either of the equations 

A^)=o, J-z=o (1), 



/(^) 



and for each of these values inquire whether /'{^) changes its sign 
in passing through it. If not, this value of x does not make /{x) 
either a maximum or a minimum : if there is a change of sign from 
positive to negative, f(x) has a maximum, and if from negative to 
positive, a minimum value. 

The existence and nature of the change of sign o£f^(x) for any 
value, a, of x which satisfies either of equations (1) is easily deter- 
mined by observing the signs of /'(a + h) and /'(a — h), when h is 
'made so small that there shall be no change of sign in /*(x) betweed 
x^a and j; = a + ^, or between x = a and x^a — h. 

168. The last proposition becomes self-evident when stated in a 
geometrical form. 

Let the figure represent a curve whose equation is y -/(^) 

A 




M N 

having a maximum ordinate at A and a minimum one at B. Then 
if P be any point x, y, tan PTL =/(x). From P to ^, the value of 
this tangent is evidently positive ; at -4 it passes through zero to a 
negative value, which it retains until at B it again passes through 
zero and becomes negative. The change from positive to negative 
therefore corresponds to the maximum, and that from negative tb 
positive to the minimum value. 

The case where /'(jt) passes through infinity, will be considered 
geometrically in a subsequent chapter. (See Art. 209). 
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169. The criterion by which we distinguish between maxima 
and minima is sometimes more convenient in the following fprm. 

If any value of x makes f(je) a maximum, f'{x) changes from 
positive to negative in passing through that value ; hence^ in this 
case, an increase of x makes f{x) decrease at the point in question ; 
and similarly^ ^^ /i^) is & minimum, an increase of x makes /'(x) 
increase. 

The differential coefficient of /'(a?) must therefore be negative in 
the former^ and positive in the latter case ; f . e. if a be any value of 
X which satisfies either of equations (l), 

/(a) is a maximum if /"(a) is negative^ 

minimum positive. 

This criterion fails -when /''(a) is either zero or infinite : in the latter 
case we must proceed as in the previous article^ in the former we 
may either employ tliat method or the following. 

Let the first differential coefficient of /(a:) which does not vanish 
when X =a,he /"(a). Then, by Taylor's theorem, 

f(a + h) -/(a) ^-^—^ h\ 

and fia - h) -/(a) = t^zl^^ (- A)". 

But if /(a) is a maximum, both these quantities must be negative ; 
and if a minimum, both must be positive, if h is taken sufficiently 
small. 

Also, tirhen h is sufficiently diminished, both /^"^(a + 6h) and 

f'*\a''6h) assume the same sign as/^"^(a). Unless therefore n is 

even, the above expressions will have different signs, and /(a) will 

be neither a maximum nor a minimum value; if n is even, the signs 

of both will be the same as that bf /^"^(a); 

.'. f(a) is a maximum if /<">(o) is negative, 
minimum positive. 

Hence the rule. If the first differential coefficient which does not 
vanish is of an even order and negative, there is a maximum, if of 
an even order and positive, a minimum value; if of ah odd orde> 
there is neither a maximum nor a minimum. 

170. The above rule is equally true if we read differential for 



I 
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differential coefficient^ and this^ whatever may be the independent 
variable. For, from the expressions of Art 98^ it appears that if 
y =*/(*) *^d ^y ~ 0* /'W ^^^1 *^80 vanish ; and if all the differentials 
of ify up to d^^y inclusive, vanish, the differential coefficients up to 
the (n — Ij^ will also vanish. Again, if d^y is the first differential 
which does not vanish, for a particular value of j;, as a, d'y must 
(when x^a) become equal to /(*)(a)i2if , as well when the indepen- 
dent variable is general as when x is independent variable ; for by 
observing the equations of Art 97> it is obvious that the first term 
in the expression for £^y will he J^'^(a)dx^, and that all the other 
terms will be. multiplied by lower differential coefficients which (as 
we have seen) vanish with the corresponding differentials. Hence, 
when n is even, the sign of d'y (for the value a of a) will be the 
same as that o£j^*\a), since dx^ must then be positive. The condi- 
tions dy=^0, d^y=0,»,d^^(y) = 0, and d'(y) a positive or negative 
even differential are therefore identical with those before obtained, 
viz./(rt) = 0, /Xa) = 0. . ./""**(a) = and /"^(a) a positive or nega- 
tive even differential coefficient. 

171> To determine the maxima and minima values of « from 
the equations 

u^f(j^>y) (i)> 

O^F{x,y) (2). 

This may be done by substituting in the former equation for y its 
value in terms of x, when u becomes an explicit function of x and 
may be treated by our former methods. Those maxima and minima 
values corresponding to the condition du = may however be more 
conveniently obtained as follows. 

When u is a maximum or minimum, du — 0; 

r.f(x)dx+/(y)dy^O, 

also F' (x) dx + F' (y) dy = 0. 

By eliminating dy and dx between these equations, we obtain an 
equation which, together with (2), determines the values of x and y 
which make u a maximum or minimum. The sign of d'u will distin- 
guish them. 

If the same value of x which satisfies the above equations also 
makes d^u vanish, yre must find the first differential, d*u, of u which 
does not vanish for that value of x^ and observe whether n is even or 
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odd, and in the former case whether d^u is positive or negative. In 
doing this it will always be convenient, though not necessary^ to 
make either x or y independent variable. 

172. To find the maxima and minima values of a function of 
two independent variables. 

Def. If any values a, h, of the independent variables in the 
function f{xy y) make /(a, 6) always greater than /(a + A, ft + A;), 
whatever be the relative magnitudes and signs of h and h, provided 
they are taken sufficiently small, /(a, 5) is called a maximum value 
of /(a?, y); and if /(a, 6) is always less than /(a + A, 6+^), it is 
called a minimum value of /(or, y\ 

l^f{a, h) is a maximum or minimum, the above conditions, which 
hold for all relative values of h and h, must hold for that particular 
system of values of h and k which satisfy the condition k — mh or 
y — h — m^x — cC); and conversely, if they hold for all such systems 
of values, when m is varied in all possible ways, they must hold for 
the general values, since there is no pair of values of h and h which 
cannot be found in some one of the particular systems. But the 
supposition y—h =m(X'-a) reduces f(x^ y) to a function of one 
variable, and our definition to that of a maximum or minimum value 
of such a function. 

Let therefore 2: be a function of one independent variable deter- 
mined by the equations, 

^=A^.i/) --(iX 

y — h^m^x — d) (2). 

The conditions that z shall be a maximum or minimum are (by 
the previous articles). 

d2^f(x)dx+/(y)dy^0 (3), 

and dy = mdx, 

whence dz = dx{f^{x) ■hm/(y)}^0 (4). 

In order that /{x, y) may have a maximum or minimum value, 
this equiition must hold for all values of m^ which cannot happen 
unless both the equations, 

/(*)=0,/(y) = 0, 

are satisfied. Hence if /(a, b) is a maximum or minimum value, 
a and 6 must be a pair of roots of these equations. 
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z will be a maximum or minimum according as the sign o^d^z is 
negative or positive for the above values of x and y. If we differen- 
tiate equations (1) and (2) a second time with x as independent 
variable*^ we obtain from equation (2) d^y = and then from 
equation (1)^ 

d^z==/^ix)dx'-^2/X^yy)dxdi/+f'(y)df (5) 

^da^{f\x)-^^/\x,y)m-^riy)m'} (6). 

When j; = fl, y = ^> the value of d^z becomes, 

If /(a, b) is a maximum the above quantity must be negative^ 
and if a minimum it must be positive^ for all assignable values of m. 
In both cases therefore^ it must be incapable of changing its sign for 
any change in the value of m, which will be the case if the equation 

/"(a) + 2/"(a,6)m+/"(6)m»=0 (7), 

has impossible roots, that is, if 

/"(a)/"(6) is > {/"(«, 6)}'. 

This is called Lagrange's condition. 

If it is satisfied, /(a, 5) will be either a maximum or minimum: 
to discriminaie between them, we observe that the sign of the above 
expression, being always the same, must be the same as that which 
it has when tn^O that is the same as that of /''(a), which again 
must be the same as that of /"(6), since otherwise Lagrange's con- 
dition would be impossible. Hence /(a, b) will be a maximum or 
minimum, according as /"(«) and f"{b) are negative or positive. 

If Lagrange's condition is not satisfied the equation (7) will have 
real roots and the value of d^z, when ar = a and y ^b^ will in general 
be negative for some values of m and positive for others. 

Hence, some values of m will make z a maximum and others a 
minimum, in which case /(a, h) will be neither a maximum nor a 
minimum value of /(or, y). 

To determine therefore, the maxima and minima values o^f{x,y)^ 
we must find all the roots of the equations 

/'(*) = 0, and/'(j,)-0, 

* ^ is made independent variable for simplicity's sake, but we might have left the 
independent variable general, when two additional terms would have been added to 
(5) which would have vanished when a, h were substituted for ^ and ^ leaving the 
subsequent steps the same as in the text. > 
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which satisfy Lagrange's condition and then distinguish the maxima 
from the minima values by observing the sign either of/"(«) or of/"(6)^ 

173. There is one case in which f{x, y) may have a maximum 
or minimum value even though Lagrange's condition fails^ viz. where 
equation (7) has equal roots, and therefore 

/"(«)/"(6) = {/"(«, 6)}'. 

For if the roots be equal to nii, d^z will retain a constant sign for 
all values of m, except niyy and for that value d^z will equal zero. 

For the value mj^ of m the condition that z may be a maximuni 
or minimum will be that the first difieretitial^ d*z, which does not 
vanish shall be of an even order, and then z will be a maximum or 
a minimum according as the sign of d*z is negative or positive. 

If therefore^ n is even and the sign of dTz when m a ^i , the same 
as that of d^z for all other values o^m^ z will be a maximum for all 
values of m including nii or a minimum for all such values. In this 
case therefore /(a> 6) will be a maximum or minimum accordingly. 

But if n is odd^ z will be neither maximum nor minimum when 
m = nil , and if n is even and the sign of d^z different from the sign 
of d^z for other values of m, z will have a maximum or minimum 
value when m = mi corresponding to minima or maxima values re- 
spectively for all other values of m. In neither of the latter case^ 
therefore will /(a, 6) be a maximum or minimum. 

Again, if d^z vanishes for all values of m, which will be the case 
if /'(a) = 0, /"(a, 6) = 0, and /"(6)« 0, the condition that /(a, b) 
shall be a maximum or minimum value, will be that the first actual 
differential d'z shall be of an even order and retain a constant sign 
for all values of m» The condition which will then take the place 
of Lagrange's will be that the equation of ft dimensions in m, 

d^z = 0, 

shall have no real roots, with further conditions in the case of pairs 
of equal roots analogous to those above found. Such conditions ar6 
too complicated to be of much practical valuCj and in the majority 
of cases, Lagrange^s condition will be found to apply. 

174. The hypothesis introduced in Art 17^9 that m is an arbi« 
.trary constant in the expressions (4) and (6), is evidently the same as 
the assumption that dx and dy are arbitrary constants in (3) and (5)^ 
Jn which case those expressions become the first and second totaji 
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differentials o£f(x, y) considered as a function of the two independ- 
ent variables x and y. The higher differentials of z are in like 
manner converted by the same hypotheses into the total differentials 
o€/{x,y) with X and y as independent variables. The conditions 
for determining the maxima and minima values of f(x, y) may 
therefore be stated as follows : 

(1) df(x^ y) = 0, which involves f(x) = 0, f{y) = 0. 

(2) (Pf^Xy y) must retain a constant sign for all values of the 
differentials, the negative sign' corresponding to maxima and the 
positive to minima values, 

(3) If <P/(x, y) vanishes for the same values of x and y as 
df(xy), the first actual differential must be of an even order, and 
must itself retain a constant sign for all values of dx and dy ; and 
if dy(x, y) vanishes only for particular relative values of dx and dy, 
retaining a constant sign for all others^ the first actual differential 
for those particular values must be of an even order, and must have 
the same sign which dy(x, y) has for other values of dx and dy, 

(4) In every case a negative sign corresponds to a maximum 
and a positive to. a minimum value. 

By a process similar to that of Art. 172^ these conditions may be 
extended to functions of any number of independent variables. 

175. The geometrical significance of Art 172 appears thus. 

Let a surface be constructed whose equation is si=f{x,y\ and 
let/(a^ 6) be a maximum or minimum ordinate of the surface. Let 
a plane be drawn through this ordinate, making an angle tan^^m 
with the plane of xz. Its equation will be equation (2) of Art. 172, 
and it will intersect the surface in a curve determined by the pair of 
equations (1) and (2). By making the intersecting plane revolve 
round the ordinate /(a, h), t. e. by giving to m all possible values, 
we obtain a system of curve sections in some one or other of which 
every point of the surface is included. An ordinate which is greater 
than any of the surrounding ordinates of the surface, must be greater 
than the neighbouring ordinates in any of the curve sections, and 
conversely if it exceeds the neighbouring ordinates in all the sec-> 
tions, it must exceed all the surrounding ordinates of the surface ; 
that is, if /(a, 6) is a maximum in all the sections it will be a maxi- 
mum also in the surface, and similarly, if it is a minimum in all the 
sections it will be one also in the surface ; but if the ordinate is a 
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xnaxinium in some sections and a minimum in others^ it will be 
neither a maximum nor a minimum ordinate of the surface, since 
some of the surrounding ordinates will be greater aiid others less 
than it. Lagrange's condition is the analytical expression of these 
facts. When it is satisfied the ordinate will be a maximum or mini- 
mum in the surface, if it is so in any one of the sections. The most 
convenient sections to examine are those parallel to the co-ordinate 
planes, and this is what we have done, in employing the sign of/"(a) 
or/" (6) as the test for the purpose. 

176. In the preceding articles we have considered only those 
maxima and minima values of functions of several variables, which 
make the differentials vanish. There are others which make them 
infinite, but they are of comparatively little interest except with 
reference to the singular points of surfaces, which is a subject quite 
beyond the scope of this work. 

177* To determine the maxima and minima values of a function 
of n variables connected by r equations. 

Let u = F(xi^ ^a • . . O = max. or min. , 

where the variables are connected by the equations 

=JiyXi, •l^a ••• ^«}, 



—Jr\Xi> ^a ••• ^n)» 

Then, since u\s sl maximum or minimum, 

du « F'(jje^ dx, + F'(x;) cir, . . . + JP'(*») ^- = ^ 
also df/i =/i'(a?i) dx^ +//(xj) dx^ ... +//(^») dx^ = 



(0. 



d/r =// W dx, +//(x,) dxa ... +//(ar,) dx,= 0' 

From these (r + 1) equations we may eliminate r of the differ- 
entials, leaving a linear equation involving the remaining (n — r) 
differentials. This elimination may be conveniently effected by the 
method of indeterminate multipliers. 

From the system of equations (1), we obtain 

du + Ai^^i + \idfa ... + Kdfr * 0, 
^hich holds for any values of Aj, A^... A,. 
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If we give to du, dfi .», df^, their values from equations (I) and* 
collect the coefficients of each differentia], this equation becomes 

Mx dxi + Madxa . . . + M^dx^ = 0, 
where each quantity M is of the form 

F\x) + \,f,\x) + A,//(*) ... + KfJix). 

The multipliers A,, A, ... X,, being indeterminate^ we will give them 
such values as to satisfy the r equations 

3f,«0, M, = 0...i»f, = ., (2); 

by which assumption the above equation is reduced to the form 

Mr^^dx^i + M^^dx^ .,. +M^dx^ = 0. 

Now in the given system of equations there are (n — r) indepen- 
dent variables, and therefore the (n — r) differentials in this equation 
are perfectly arbitrary, and the equation cannot be satisfied unless 

iW^i = 0, M^ « ... M, = 0. 

By substituting in these equations the values of A|, X^ ... \^ obtained 
from (2), we have (« — r) equations, which, together with the (r) 
given relations among the variables, are sufficient to determine the 
values ofxi,Xa,,,x„, which make u a maximum or minimum. 

Hence, whatever be the number of dependent and independent 
variables, we have the (n + r) equations 

Ja\^i 9 *a • • • *J^») = 0, 



Jr\J^\9 Xa ... 4?„) = 0, 
F^x,) + \J/(x,) + V/(ar,) ... + A,//(x,) = 0, 

. ^' W + A,// W + V;(ar,) ... + A,//(ar,) = 0, 

involving the (n + r) quantities a?,, x^ ... x^y \i, A, ... A„ from which 
we may determine the values of or,, Xa... x^, which make u a maxi- 
mum or minimum. 

The introduction of interminate multipliers, makes this investi- 
gation rather complex. The principle involved is however very 
simple. It is (as may be seen) merely this. First to apply the test 
of a maximum or minimum value, viz., du = 0, and then after elimi«^ 
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Hating as many differentials as possible to make the coefficients of 
the remaining independent differentials separately vanish. In most 
examples the use of indeterminate multipliers will be found much 
simpler than any other mode of elimination. 

The investigation of the condition which in this case supplies the 
place of Lagrange's condition, and the application of the test to dis- 
tinguish maxima from minima values, would be extremely trouble- 
some. In most problems^ however^ it is easy to see from d priori 
considerations whether maxima or minima values exist, and to dis- 
criminate them from one another, the exact values of the variables 
only remaining to be determined. In such cases the investigations 
alluded to become superfluous. 

178. Ex. 1. Find the maxima and minima values o£a^(a—xy. 

u — x^ia — xf, 

du 

J- =r a?* (fl - a;) {3a - 5 j;} = or 00. 

The only values x)fx which satisfy this condition are 

0? = 0, x^Oy and x = fa, 

except x=eo , which renders u also infinite, and need not be consi- 
dered. 

When X passes through the value 0, 

-T- changes from h^ (a + h) (3a + 5h) 

to k\a ^ h) (3a ^ 5h), 
both of which have the same sign when k is sufficiently small. 
Hence when x-^^Oy u is neither a maximum nor a minimum. 

When a passes through the value a, 

— changes from — (a - hyh(^a — 5k) 
cue 

to (a-¥ kyk(2a-h5h), 

the former of which is negative and the latter positive, when h 
is sufficiently small. Hence when x= a, u has a minimum value 
equal to zero. 

When X passes through the value fa, 

-7- changes from (fa - ky (^a+k)k 
to-(fa+^)»(fa-A)/i, 

H. D. C. 9 
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the former of which is positive and the latter negative when h is 
sufficiently small. Hence, when x=\a^ u has a maximum value 

equal to (f a)'(ta)" or -^a\ 

The same results may be obtained by the method of Art. 169* 
Since 

du 



— = ar"(a-ar)(Sa-5a?), 



g = .-(a-x)(Sa-5x){?-^-^}, 



where P is a quantity which vanishes with x ; 
Therefore 



when « = 0, ^ = 0, ^ = 6ar; 



that is^ the first differential coefficient which does not vanish is of an 
odd order^ and therefore u is neither a maximum nor a minimum. 

d'u 
When « = a, -^ = 2a', which is positive, therefore u has a mini- 
mum value. 

When jr = f a, j^ = - 2 (f )"«*, which is negative, therefore u has 
a maximum value. 

Ex. 2. To find the maxima and minima ordinates of the lem-i 
niscate. P' p 

The equation is 

(«•+/)« -«'(**-y') (1), 

and its form is that of the figure. 
By differentiating (1) we obtain^ 

2 («* + ^') (j; cte + ^ dy) ^ a^ {x dx - y dy), 




, dy a"— 2ar"— Sv* J? 

whence -r-^-i — zr-^ — tt^-^ 
dx a' + 2x^ + 2y y 

The equation ^ = will be satisfied when 



a' 



^ 2 



(2). 



.  '-^■■-J I L- P iWI^^I^^»gg1g8WigB 
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The values of x and y obtained from this equation together with 
(1) are 

which may therefore correspond to maxima or minima values. To 
distinguish them we will apply the criterion of Art. I69. 

By differentiating -^ , we obtain 

^ ^ , p 

when P includes only terms which vanish when equation (2) is 
satisfied. 



Hence when a? = * a/ - a, and ^ = + a/ - a, 



which corresponds to a maximum value. 

If therefore OM^ OW = J\o» and MP^M'P'^ \/\^> 
MP and M 'P' are maxima ordinates^ 

when «=±^-a, and^=-^gtf, 

or y has minima values at the points Q and Qi\ 

Since a maximum value of (- y) corresponds to a minimum value 
of y, the geometrical ordinates MQ, M^Q! are maxima. 

The values x^^a and y — will make -7^ infinite^ but they do 

not correspond to maxima or minima values, since x cannot exceed 
a without rendering the equation (1) impossible. 

In the following example we shall employ the method of indeter« 

minate coefficients. 

9—2 
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Ex. 3. To find the rectangular parallelopiped which shall con- 
tain a given volume under the least surface. 

Let the edges be x, y, 2, a* the given volume. Then 

u^xy-^xz+yz^ min. 
xyz^a\ 

• - 

yzdx + xzdy + xydz'^0, 

,\ (^ + 2: + \yz) dx + (x + z + \xz) dy-\'(x-i-y + \xy)dz = 0. 

/. y + z + XyZ'^O (1), 

ar + JS + Xx2f = (2), 

x-hy + Xxy = (3). 

(l)a;-(2)ygives 2(a?-y)«0, 

similarly a? (y — j?) = 0, 

and ^ (s - J?) as 0, 

These, together with xyz = a*, are satisfied hy X'^y = z = a; that 
is, the parallelopiped must be a cube. 

It is obvious that this form makes the surface a tninimumy since, 
by diminishing one side, we may increase the surface as much as we 
please« 

Examples will be found in Gregory's Examples, Chap. vii. 
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CHAPTER IX. 

TANGENTS AND ASYMPTOTES. 

179 ♦. Dbp. Let APQ be any curve, T'PQ a straight line 
cutting it in the points P and Q. y^ 
Suppose Q to move along the curve 
towards P, then the direction of 
T^PQ will, continually change, and 
it will approach a certain limiting 
position as Q approaches P. Let 
TP be this limiting position ; then 
TP is called the tangent to the curve APQ at the point P. 

A line PG drawn through P perpendicular to the tangent at P, 
is called the normal to the curve at the point P. 

180. To determine the inclination of the tangent to the co-- 
ordinate axes. 

Let the equation to the curve referre4 to rectangular axes Ox 
Oy, be y =:/Cx), 

OM = ar, MP = y, co-ordinates of P, 

O-AT = a: + Ajf, iNTQ = y + Ay, co-ordinates of Q. 

Draw P22 parallel to the axis of x; then 

Pfl = Aar, RQ^Ly, 

.-. tanPr^ = 5g = ^; 

PjK Ao;' 

and since PT is the limiting position of CiPT' when Q approaches 
P, that isj when Ar and Ay approach zero, 

tan P Tx ^ //a=« tan P T'ar = ^a,* a^ , 

.-. tanPTx = ^, 

ax 

•^ is known from the equation to the curve, and the inclination of 
the tangent to the axis of x is determined. 



* The substance of this and the following article has already been given by way 
of illastration. It is repeated here in a more condensed shape, as it properly belongs 
to the subject of this chapter. 
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Hence^ if j?', %f are the current co-ordinates of the tangent^ its 
equation is 

or y-3^^^-^. 

dy dx ' 

Since the normal is perpendicular to the tangent, 

dx 

tanPGjr = -cotPra:--:T-; 

therefore the equation to the normal is 

or —J — +^j-^ = 0, 
dy dx 

In the figure of Art 179, ^T, MG are called the subtangeni 
and subnormal. 

Now Jfr^iMTPcotPror, MG = MP tan PTor, 

.'. subtangent ss y -7- , 
subnormal = ^ -^ . 

181. The sine and cosine of the angle PTx may be conveniently 
expressed as follows. 

Let the arc ilP = *, arc PQ = At, chord PQ = c ; then 

sin PTx = ftA=« sin PT'a? = It^^ ^^ 

Now ftA=o ;5f = ^ *^^ ^'a=o — = 1, by Art. 11, 

,-. sinPr;F = ^; 

PR 
also, cos PTx = //a=o cos PPa: = //aso 



Pa 



.*. cos PT-a: = -J- ; 
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hence (-^ + f ^j = cos* PTx + sin* PTjc =1, 

or cbc' + d^ = ds^. 

182. The lengths of the portions of the tangent and normal 
between the point of contact and the axis of x, are given by the 
equations 

PT = MP cosec PTx 

"^dy^^ dy -y f\x) ' 

PG = MP sec pro: 

The expressions for JJf T, MG, PT, PG^ may also be immediately 
obtained from the equations to the tangent and normal. 

Thus, putting y = in the equations to the tangent and normal, 
we obtain in the two cases 

. dx 

Hence, in order that our expressions for the subtangent and 
subnormal may hold in all cases, we must reckon MT positive when 
T lies on the negative side of Jf, and MG positive when G lies on 
the positive side of M. In the figure of Art 179 these quantities 
are positive. 

183. To determine the concavity or convexity of a curve at any 
point. 

A curve is convex to the axis of x, so long as the inclination of 
the tangent to the axis of x increases with x, and concave when it 
decreases with an increase of x. 

In the former case, therefore, the differential coefficient of 
tan PTx must be positive, and in the latter negative. 

Now, tan PTx^ -^ when^ is positive. 



-= — J- when y is negative ; 
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therefore the curve is convex or concave to the axis of j; according as 
-T3 and y have the same or different signs. 

184» To determine the position of points of inflexion. 

DsF. A poini of inflexion is a point where the direction of the 
curvature changes from convex to concave^ or from concave to 
convex. 

At such a point the inclination of the tangent to the axis of x, afler 
increasing up to the point of inflexion, begins to decrease^ or vice 
versd. The inclination therefore, and consequently its tangent or 

-^ , must be a maximum or a minimum at a point of inflexion^ the 

analytical condition of which is 

^-1=0 or CO. 

If not only -^ but also -t4 vanishes, we must have the addi- 
tional condition, that the first differential coefficient which does not 
vanish shall be of an odd order. 

The values of x which make -r^ infinite, will not necessarily cor- 
respond to points of inflexion, since this condition may be satisfied 
without the inclination having a maximum value. 

When the tangent is parallel to the axis of ^, -^ , and therefore 

d'a 
generally -^ , are infinite, whether the point is a point of inflexion 

d^x 
or not. In this case we may employ the condition -fi'^O or oo , in- 
stead of the above, as it might have been obtained in a precisely 
similar manner, and is free from the ambiguity attaching to our 
former criterion. 

185. To find the equation to the asymptote of any curve. 

Dbf. The asymptote of a given curve is a straight line or curve 
which the given curve continually approaches but never meets. If 
the equation to the given curve is algebraical, the asymptotes may in 
general be determined as follows. 
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Let the equation to a curve be f{x, y) = ; and let this be 
reduced to the form 

y ^ Aaf" -^Bx"^. . ,+ G + Hsir + &CC (l), 

the indices being arranged in descending order. Let the equation 
to another curve referred to the same axes be 

j/ = Aar + Bar...+ G (2), 

then {y-y')^Har^-¥S>iQ,y 

f. e. the distance between the two curves is generally finite when x 

is so^ but approaches zero when x approaches infinity. 

The curve (2) is therefore the asymptote to the curve (I). 

If n =: 1^ m »0, the equation (2) becomes 

y' = ^a? + -B, 
and the asymptote is rectilinear. 

If in the equation to the curve, y is given explicitly in terms of 
X, the expanded form may be obtained by the ordinary algebraical 
methods. If y is only given as an implicit function of x^ the ex- 
pansion must be found by means of indeterminate coefficients. 

The most important cases are those in which the as3rmptotes are 
rectilinear. 

It is evident that a rectilinear asymptote coincides with the limit- 
ing position of the tangent when one or both of the co-ordinates 
approach infinity. 

This is sometimes given as the definition of an asymptote^ and 
in many cases the asymptotes may be readily determined from this 
consideration. 

Whenever there is a rectilinear asymptote^ the perpendicular upon 
it from the origin^ and therefore one at least of its intercepts on. the 
co-ordinate axes^ must be finite. Hence the test of the existence of 
an asymptote is, that the intercepts of the tangent shall not both 
become infinite when the co-ordinates of the point of contact are put 
equal to infinity. 

Asymptotes parallel to either of the co-ordinate axes may be at 
once discovered, by observing whether any finite value of one of the 
co-ordinates renders the other infinite*. 

186. Examples on the preceding articles. 

(1) Let the equation to the curve be 



?«-S-i (1); 



* Symmetrical inveBtigations of ppiDts of inflexion and asymptotes will be found 
in the Mathematical Journal for February 1841 and November 1843. 
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xdx ydu dy b' X 

•• a' " 6» ' "^^ dx" (fy' 

and the equation to the tangent becomes 

a' " h' ' 

The equation to the normal is 

I 

or a^yj/ + b'xy = (a* + A*) xy. 

The equation to the asymptote may be found from that to the 
tangent by making x and y approach infinity. The equation to the 
tangent may be put into the form 

Now when x and y approach infinity — approaches zero, and by (1), 



rV('-?> 



which approaches * t when y approaches infinity. Therefore the 
equation to the asymptotes is 



•^ a 



This may also be found by expanding y in descending powers of 
«r. Thus 

^ ft , fl6 

= «*=-j.=p4 — .... 
fl ^ X 

Hence^ by our definition, the equation to the asymptotes is 

y = ± - x'. 

^ a 

Since i'-/ « =T«i~ + .- .. 
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the sign of (y-y), when x is positive and sufficiently large, is nega- 
tive for the asymptote whose equation is y = +- a;', and positive for 

that whose equation is ^' = or' ; that is, in the fonner case the 

curve lies below the asymptote when x is positive, and in the latter 
above it. Since the sign o£ y—y' changes with x, the reverse will 
be the case when x is negative. 

This is easily seen to agree with the known form of the h3rperbola. 

(2) To find the asymptotes of the curve 

{y''¥hf){x-a)^x''^0 (1). 

When X approaches a, the value of ^ + by*, and therefore that of 
y, approaches infinity, and there is therefore an asymptote parallel to 
the axis of ^ at a distance a from it. . . 

To. find any other asymptotes that may exist, we must expand y 
in a series of descending powers of ^. Assume, therefore 

Q 

y^Ax + B+—+ &c., 

X 

.% / = ^ V + SA^'Bx' + &c., 
.-. (ar-a)y» = ^V + (3i4»5-ai^*)a!^ + &c., 

— a?* =a — a?*. 
Adding these quantities, we have, by (1), 

= ;t* (ui' - 1 ) + a?" {SA'B -- aA^ -h bA') + Sec (2), 

which must hold for all values of ^r; 

.-. ^»-l=0, .\A = h 

Therefore the expanded form of tlie equation to the curve is 

^-b O . 

« = a? + — zr- + — H &C 

•^ 3 X 

and consequently that to the asymptote, 

y = «^ + "-3~' 

If it had been required to determine whether the curve lies 
above or below the asymptote, we must have collected the coefficient 
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of one more term in the expansion (2)^ by equating which to zero' 
the value of C might have been determined. 

The relative position^ however^ of the curve and asymptote in 
such cases may generally be more easily determined by indirect con- 
siderations^ as will be seen when we consider the methods of tracing 
curves. 

(x — €lV 

(3) To find the points of inflexion of the curve y = j^ • 
Then % 3(x-ay 

which vanishes when « = a ; and as the next differential coefficient 
does not vanish when x = a, this point is a point of inflexion. • Since 

y and ^ also vanish when a? = a, the tangent at the point of inflexion 

is the axis of or^ and the form of the curve is that of the figure 

y 




Curves referred to polar co-ordinedes. 

187. To determine the angle between the tangent and the 
radius vector of any curve. 

Let QPT^ be a secant through two 
points P, Q of a curve APQ. PT the 
tangent at P; r, 6 co-ordinates of P, 
r + Ar, + AO co-ordinates of Q, refer- 
red to a pole S, and prime radius Sx, 
Draw PR at right angles to SQ. 

Then^ by the definition of a tangent, 

tan SPT = ItpQ^ tan SCiT, 

PR 




^U 



PQkO 



RQ' 
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_ - r sin A^ 

" ''^r + Ar-.rcosA0 ' 

_, r Aa sin Ag 1 

- "^ ^^ ^^ sin* A A0 • 



l + 2r — ;^ 
Ar. 



, , ,. rA^ de 
And ft,^_=r^. 



sin Ad 
A0" 






. 2sinUAa ,, sinJA0 Aa . , . ^ ^ 
//a=o Ar"=^'^"iAr A^''''*^^^^' 

.-. tan ^Pr«r^. 

ar 

If we call AP, s, and therefore PQi, A*, and the chord PQ, c, 
we have 

cos SPT = ltpQ=o^^, 

c 



~^^A=o 



A /, « 8in?iA^\ 



Aj 



since //a=o — = !• 

Also sin5'Pr=//pQ=o — r 

c 

, rAd sin A^ A^ 

'"'^^^^ A7~A6r"T^ 

or rfr» + r*(/^» = </*«. 

188. If ST, SY are drawn at right angles to SP, P^respec* 
tively, we have 

^T = r tan iS^Pr, 
ST is called the polar suhlangenL 
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Also, if SY^p, 

p = r sin SPT, 

This quantity may be conveniently expressed in terms of the 
reciprocal of r. If this be «, we have 

, du 
vr 

, . du* dff" 
1 _ ,d^ 



-*©'• 



It may also be expressed in terms of the rectangular co-ordinates 
as follows. 

If S is the origin and Sx the axis of x^ we have 

6 = tan-^^; 

X 

^xdy — ydx 

_f^dO xdy—ydx 
' ' '^ ds ^ ds 

The expression for ST has been found from a figure in which 

r, 6, -17 have all positive signs, but it applies equally to all cases, if 

we interpret properly the sign with which it is affected. By con- 
structing the figures in the cases where any of these quantities are 
negative, it is easily seen that the direction of ST is always deter* 
rained by the following rule, when the positive direction of 6 is 
taken to the left of the prime radius. Look along the positive direc-^ 
tion of the radius vector, and draw ST to the right or left, according 
as it is positive or negative. 

It may also be observed that the expression for tan SPT is, in 
all cases, positive when the tangent falls behind the radius vector, 
and negative when on the other side of it. 
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189. To determine the asymptotes of polar curves. 

When any value of 6 renders r infinite^ there may be a recti- 
linear asymptote. This will be the case if the polar subtangent re- 
mains finite when r becomes infinite. Since in this case the angle 
SPT vanishes^ the asymptote will be parallel to the infinite radius^ 
and at a perpendicular distance from it equal to the corresponding 
value of ST, and measured in the direction indicated by its sign. 

When the radius vector approaches a constant limiting value^ as 
6 approaches infinity^ the curve will approximate to a circle which is 
called an exterior asymptotic circle when r increases in magnitude up 
to the limiting value, and an interior asymptotic circle when r de- 
creases towards it, as in the former case the circle is without, and in 
the latter within the curve. 

190. To determine the concavity or convexity of curves referred 
to polar co-ordinates and the position of points of inflexion. 

It is easily seen that when a curve is concave to the pole, p 
increases with r, and when convex p decreases with an increase of r. 

The curve is therefore convex or concave according as -p is nega- 
tive or positive. 

At a point of inflexion, the curve changes from convex to concave 

or vice versd, and therefore -^ changes its sign. At such a point 

therefore we must have 

dp 

-r- = 0, or 00 . 

dr 

Those values of r which satisfy this condition, and also produce a 
change in the sign of -^, will correspond to points of inflexion. 

Examples will be found in Gregory's Examples, Chap. ix. 



^ 



CHAPTER X. 

CONTACT OF CURVES. 

19L Let y ^f(x), y = F{x) be the equations to two curves ; 
then if, when a certain value, a« is given to ar, the values of the 
ordinates of the two curves are the same ; that is, if 

/(a) = J(«), 

the two curves have a common point whose co-ordinates are a^f{a)y 
and are said to intersect If at the point of intersection we have also 

/(«)=f"(«), 

the curves have a common tangent, and are then said to have a con- 
tact of the first order. 

And generally, if we have 

/C«) = J'(a), f{fl) = F\a), f'(a)^F"{a)...f'\a)^F<^\a), 

the curves are said to have a contact of the rC^ order at the point in 
question. 

The reason of this definition appears from the following pro* 
position. 

192. If any curve has a contact of the m^ order with a second 
curve, and a contact of the n^ order with a third at the same point, 
where m is greater than n, and an ordinate is drawn cutting the 
three curves, the portion intercepted between the curves whose con- 
tact is of the m^ order bears to that intercepted between those whose 
-contact is of the n^^ order, a ratio which approaches zero as the ordi-> 
nate approaches that through the point of contact; or, as it may be 
expressed, the curves whose contact is of the higher order are, in the 
limit, infinitely closer than those whose contact is of the lower order. 

For, let the curve y =/(j?) have a contact of the wi* order, and 
y = (p{x) a contact of the n^ order, with y = F(x) at a point whose 
abscissa is a ; let an ordinate be drawn to the three curves whose 
abscissa is a + ^, and let A.,, A„ be the portions intercepted between 
y = F(x) and the two other curves. 

Then A^ =/(a + h) -^F(a + h), 

and /(a + h) =f(a) +f'(a)h ... +/"•'(«) ^ +/f*H')(« + Oh) ^^, 
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The first (m + 1) terms of these series are equal by the conditions 
of contact of the m*^ order, 

••. A» = -;;^^ {/"^'Ka + Oh) - i^-^^)(a + dh)} ; 



similarly, A, = j^-^ {^«"+»>(a + (?A) - F^^\a + ^A)}, 

An ^ . «-, L» + l /"^^^Ca + eh) - F*^»)(a + 6A) 
•'• AT" \i^+l </)(-+*'(« + dh) - F-+^>(a + aA) • 

When A approaches zero, the coefficient of A*^" approaches a finite 
value, since otherwise the contacts would be of higher orders than 
those supposed ; and if m is greater than n, the limit of A"*^ is 
zero, 

A, 

193. Curves which have a contact of an even order cut, and 
those which have a contact of an odd order touch without cutting at 
the point of contact. 

For if A^ is the excess of the ordinate of y =f(x) over that of 
y = F(x) with which it has a contact of the nC^ order. 



•*. »*it=o "*- — ^ "• 



When h is made sufficiently small, the sign of the coefficient is 
that of/^"^^*(a) — F^^\a) whether h is positive or negative, and the 
sign of A"^* changes with that of A, when m is even and is unaltered 
by a change of sign in h when m is odd. In the former case 
therefore the ordinate of one curve is in excess on one side of the 
point of contact, and that of the other on the other side, while 
in the latter, the ordinate of the same curve is in excess on both 
sides. 

Hence, when the contact is of an even order the curves cut, and 
when of an odd order, touch without cutting. 

194. If we suppose the same quantity to be independent vari- 
able in two curves which have a contact of the m^ order, the con- 
ditions are that at the point of contact the values of 

X, yy rfjr, dy cf"a?, dTy 

shall be the same in the two curves. 

H. D. c. 10 
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For if any function of x is independent variable, the values 
of cLe, cPx . . . d*x must be the same in both curves when the same 
value is given to x^ and d^, ^y . . . et^y can be expressed in terms 
of these quantities and of the m first differential coefficients, which 
are also the same in the two curves by the conditions of contact of 
the m*** order. 

When any of the differential coefficients have infinite values, 
the proof in Art. 19I, which depends on Taylor's theorfem, fails. 
If the infinite differential coefficients are of the second or higher 
orders, the curves are of peculiar forms (as will be subsequently 
shewn) at the point in question, such that the notion of orders of 
contact is inapplicable. If however the first differential coefficients 
are infinite, there may be no peculiarity except that of the tangent 
being parallel to the direction which has been chosen for the axis 
of ^. The difficulty is at once obviated by equating the differential 
coefficients of x with respect to y in the two curves, instead of those 
of ^ with respect to x, since these conditions might have been ob-* 
tained exactly as the others. 

When the differentials are equated, no difficulty can arise, since 
the conditions of contact in this form might have been obtained from 
either of the other systems. 

For this reason, and also for the sake of symmetry, it is oflen 
better to employ the differentials than the differential coefficients. 

195. To determine th« particular curve of a given group which 
has the closest possible contact with a given curve. 

I'Ct y =/(^) be the equation to any curve 

y = F{x, a,, a, ...a,), 

that to a group of curves having n parameters a, a,. . .0,, by assign- 
ing particular values to which, any curve of the group may be 
determined. 

Let now such values be given to aj «, ...o^, as to satisfy the 
n equations, 

y'-y %;_^ d''y_dr'y . 

when a particular value, a, is given to x. This can evidently be done, 
since Cj a^,. . .a, enter into the valued of y' and its differential co- 
efficients ; the n parameters will then be absolutely determined by 



I 



ii 
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the assumed equations and cannot be made to satisfy any additional 
conditions. When these values are given to the parameters, the par* 
ticular curve thus selected from the group will have a contact of the 
(n - 1)** order with the curve y =/{*) at the point whose abscissa is a. 

Hence the order of the closest contact which a curve of a given 
species can be made to have with a given curve at any point of it^ is 
equal to the number of parameters in the general equation to curves 
of that species, diminished by unity. 

It may happen in particular cases^ that the same values of the 
parameters which satisfy the n equations (1) will also make some of 
the higher differential coefficients equal in the two curves^ and in 
that case the contact will be of a higher order ; but in general the 
order of closest contact is less by unity than the number of parameters. 

The general equation to the circle contains three parameters ; a 
circle may therefore always be found which shall have a contact of 
the second order at any point of any given curve. 

196. The curvature of a curve at any point may be conveniently 
measured by determining the radius of the circle which has the 
closest possible contact with the curve at that point. Hence the fol- 
lowing definition. . ^ 

The circle which has a contact of the second order with a curve 
at any point, is called the circle of curvature of that point, and its 
radius the radius <^ curvature, 

197* To determine the radius of curvature and the co-ordinates 
of the centre of the circle of curvature at a point (x, y) of a giveti 
curve. 

Let p be the radius, a, /3, the co-ordinates of the centre. Then 
the equation to the circle is 

(ar-a)« + (y-.^/-p« (1), 

whence {x'^a)dx+ (jy- P)dy = (2), 

(x-a)d^JS + {y'-fil)d^y= -^dx' --dtf^ — ds* (3) ; 

where dx, dy, dPx^ d^y, ds are the differentials of the co-ordinates of 
the circle. 

We have now to give to a, 0^ and p such values, that the circle 
and curve may have a contact of the second order at the point (jr, y), 
that is, such values that x, y, dx, dy, d^x, d^y may have the same 
values in the circle as in the curve. If therefore we give to the 

10—2 



148 CONTACT OP CURVEffr 

differentials in equations (1), (2), (3) their values derived from tKe 
equation to the curve^ those three equations will give the required 
Values of a, /3, and p. To find these explicitly, we have from (2) 

dy — rfjr dyd^x "dxd^y 

" dyd^x-'dxdl'y' *^y ^^^ 

dy - dx s/{dx' + dy') 

= -£,by(l). 

Equating these values^ we obtain 

d^ 
P'^dyd'x-dxd'y' 

dyds^ 



x + 



dyd'x — dxcPy' 



^ dxd^ 

The magnitude of p without regard to sign being the object of 
investigation^ we must employ the upper or lower sign in any par- 
ticular curve according as the former or the latter renders the above 
expression positive. The direction in which /> is to be drawn will 
be determined by the values and signs of the expressions for a 
and /?. 

* The artifice of elimination here used, depends on the following algebraical 
proposition. If 

a_ c 

, a c ma + nc « •• , - ■. 

t hen -»==-• —r -,, for all values of m and n, 

d mb + nd^ ' 

.For fna+»c = T lm4+n -cj=* (mfi + nrf), 

and V(fl« + c')^j ^ (6« + Is' ^) = r ^ (*" + ^)» 

whence the above equations follow. 

By giving convenient values to m and n, as in the instance in the text, this often 
affords a ready method of elimination. 
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198. If we denote by r the angle which the tangent to the 
curve makes with the axis of j;^ we have 

- _ cPydx - d^x dy 

dr _ dy d'x — dx <Py 
•'• SI" 3? ' 

or using the lower sign in the value of p, 

ds 

199. In the expressions above found for p, a, j^, the independent 
variable is general ; they may be simplified in particular cases by 
assuming different independent variables. The following are the 
most important forms and should be remembered. In the first three 
eases the upper sign of the expression for p in Art 197 is used^ in 
the fourth the lower. These are the signs commonly used in the 
respective cases^ but for the reason above given, it is perfectly im- 
material which sign we adopt. 

(1) X independent variable. 

Putting d^x = 0, the expressions become 

f 



f = 



{-(DT 



dxd^ d^y 

d^ 



1+r^v 

_ dyds' _ dy \dxj 
"" dxd'y^ dx d*y 



dx' 



ds^ 



-©■ 



dx" 

Exactly analogous equations may be obtained when y .is inde-* 
pendent variable. 

(2) s independent variable. 

Since the expressions do not involve d^s they will still be correct 
in their general form, but it is often convenient to modify the ex- 
pression for p as follows. , . ^ . . 
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We have {dyd^x^ixfiff'—j ,.....(1); 

also djf'k'd^^d^i 

»\ dxcPx + dycPif » 0, since ds is constant. 

Adding the square of this equation to (1)^ we have 

d** 1 

••• p= 



Jiid'xy + (d-y)') - /JW'^wr 

The expression for* p may also be put in the following forms^ 
when s is independent variable. 

As before, dx d^x + dy (Ty = ; 

dx 
dsdx _^ ds 

d? 
In like manner^ by eliminating d't^ we obtain 

dsdy ds 

^^ d*x "Tx' 
ds* 

(3) 6 independent variable^ where 

ar = r cos^, ^ = rsin^. 

Then dx =z dr coa 6 - dO r sin 6, 

d'x^d'rcoae-'2drde&ine-d6'rcoaB, 
dy^dr hinO + ddr cos 0, 
d^y^d^raine + ^dr dd cos O-^dd^r sin 6 ; 
.-. dyd'x^dxcPtf^rd^rdd-Zdr^dd^f^de^y 
and A«={Jr»+r«rf0'}*; 
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"^dd' "^Kdej "^ 

(4) It is often convenient to express p in terms of p, the per- 
pendicular upon the tangent. From Art. 188, we have^ 

xdv—ydx 

•*• ^P^T^ {("^^^ -^yd^x) rf*"- dscPs (xdy --ydx)} ; 

/. ^ <fo' = {{x d^y —y d^x) (ds?-^ d/) ^{%fdx-xdy) [dx ^x + dy d^y) } 

= * {dr" d^y — dy dx d^x} + y {dx dy d^y — d*a? dy^} 

i=(xdx + y dy) {dx d^y — dy d^x} ; 

— rf j' _^xdx+ydy 

dy d'x — dx cPy "" dp ' 

or p = ^, if *' + y»=r». 

the negative sign of the expression for p in Art. 197) being used in 
this instance in order to make the expression in terms of p and 
r positive. 

Cor. a chord of the circle of curvature drawn through the 
point of contact is called a chord of curvature. Hence the chord of 
curvature through the pole of a curve referred to polar co-ordinates, 
equals the diameter of curvature multiplied by the cosine of the 
angle between the radius of curvature and the radius vector ; 

.*. Chord of curvature through pole = 2r — - = 2p -^ . 

200. Since the circle of curvature has a contact of an even order 
with the curve, it will generally cut the curve. If however the 
values of a, fi, and p, ^which satisfy the conditions of contact of the 
second order, happen to be such as to make the third differential co- 
efficients identical in the curve and circle, the contact will be of the 
third order^ and the circle will touch without cutting the curve. 

This will be the case whenever the radius of curvature attains a 
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maximum or minimum value. For at such a point, making x inde- 
pendent variable, y =/(*) being the equation to the curve. 






i>.i 



••• J = ^^^^Cs/W{/'(*)}'-/"(*){i+/0Om 

Now if we difier#itiate three times the equation to the circle^ 
with » as independent variable^ we have 

... (*-a) + J(y-^) = 0, 

••• -(iy-§(^-/')=0' 

3 ± (^ 
ffif dx\dii*) 



or 



by the conditions of contact of the second order ; 

or when the radius of curvature is a maximum or minimum^ the con- 
tact is of the third order^ and the circle does not cut the curve. 
This will always be the case at the vertex of a curve. 

201. To find the equation to the e volute of a given curve. 

The co-ordinates (a, /3) of the centre of the circle of curvature at 
any point (a?, y) of a given curve have been found, in Art. 197> ^ 
functions of x and y. As the point of contact varies, the position of 
the centre of curvature will also vary, and if jf, y ysry continuously, 
the centre of curvature will trace out a curve. This curve, for 
reasons which will be explained below, is called the evolute, the 
given curve receiving the correlative title of involute. 
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The equation to the evolute ^vill be found by eliminating x and 
y between the equation to the involute and those which give the, 
values of a and (3. 

The elimination is generally difficulty and^ with a few exceptions, 
impracticable. 

202. To prove the properties of the evolute from which it 
derives its name. 

In determining the values of a, P, p, in Art. 197> we differen- 

■J 

tiated the equation to the circle of curvature twice, and substituted 
in the result^ for x, y and their differentials of the first and second 
orders^ their values derived from the equation to the given curve^ 
the equality of these differentials being the condition of contact of 
the second order between the curve and the circle. 

In what followSj. x and y will be considered as co-ordinates of any 
point of the involute, and a, ^ those of the corresponding point of 
the evolute ; so that />, a, fi are functions of x and y^ and no longer 
constants, as when x and y were considered as current co-ordinates 
of the circle and not of the curve. With this understanding we may 
proceed as follows Jto determine the properties of the evolute* 

The values of/), a, /? are given by the equations (Art. 197.) 

{x^ay + if^^PY^p- (1), 

(j?-a)(ij:4-(y-/3)df^ = (2), 

{x- a) d'x + (y- /3) d'y ^-ds^ ". (3). 

Differentiating (1) and (2), considering a, fi, p as variables, we 

obtain 

(x — a)dx + (y — 13) ch/ — (x — a) da — (x — 13) d/3 = p dp, 

(x — a) d^x -^ (y- l3) d'y — dxda — dydfi= — ds^, 
from which equations, together with (2) and (3), we have 

ix-^a)da + (y^fi)d/3^-pdp (4), 

dxda+dyd/3 = ( 5) . 

Equation (2) is the equation to the normal to the involute, a, /2 
being the current co-ordinates. Hence any point of the evolute is 
in the normal to the corresponding point of the involute. 

Again, from equations (2) and (5), we obtain 



154 



CONTACT OF CURVKS. 



This is the equation to the tangent to the evolute at a point {a, 13), 
jr, y being the current co-cnrdinates. 

Hence any point of the involute is in the tangent to the cor- 
responding point of the evolute. The radius of curvature^ therefore^ 
which is the line joining corresponding points of the involute and 
evolute^ is at the same time a normal to the former and a tangent to 
the latter. 

If we denote by <r the arc of the evolute, we have, from equa- 
tion (6), 

X- a __^ — /? 

da'+dS' " da' °^^*^' 



d^ 



i ^^0). 



J(da' + d/3') 

Equating these values, we have 

dp da da- B 0. 

If <r 18 so measured that it increases as p decreaaei, we must take 
the upper sign, whence 

p-k-a^C; 

that is, the arc of the evolute added to the length of the radius of 
curvature is invariable. 

From these properties it is easily seen that the involute must be 
a curve traced by the end of a string unwound from the evolute, 
and it is from this property that the name is derived. 

Thus, let a point P of the string pP in unwinding from the 
curve pqA trace out the curve PQi, 
and let pP, qCi be any two posi- 
tions of the string; pP and qCi 
must evidently be tangents to Aqp 
at p and g. 

Again, the portion of PQ in 
the immediate neighbourhood of 
P, may ultimately be considered 
as traced by the revolution of pP 
about p, and therefore coincides 
with a circle whose centre is p 
and radius pP, 
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Pp is therefore a normal at P and p is the centre of curvature 
of PQ at P. So Q^ is a tangent to Aq Btq and a normal to PQ at 
Q, and q is the centre of curvature of PQi at Q. The curve pq is 
therefore the locus of the centres of curvature of PQ* Again^ if A 
be a fixed point in _Aqp, Qq evidently exceeds Pp by the length of 
string unwound from qp ; 

.•. -4g+^Q«-4p+pP, 

which is the property expressed by the equation 

p + <r =3 C. 

This latter property is a necessary consequence of the former one, 
viz. that the tangent to the one curve is a normal to the other, and 
was in fact deduced from it in the last article. 

If P'Q' be a curve traced out by any other point, P', of the string, 
the same properties will belong to P^Q^ as to PQ^ and both of them 
will be involutes of Apq* 

Hence it follows, that while for a given involute, there can be 
but one evolute, an indefinite number of involutes can be obtained 
from a given evolute, by varying the length of the string unwound. 

203. To find the radius of curvature at a point of an evolute 
corresponding to a given point of any curve or involute. 

Let p be the radius of curvature at any point of the given curve; 
p' that at the corresponding point of the evolute. Then if t, t', be 
the angles made with the axis of x by tangents at the corresponding 
points of the involute and evolute, 

since the tangent to the evolute is a normal to the involute. 
Also (Art. 198) /* ~ ^ • 



And similarly, p' ^ -7-7 



dp 



since dT' — dT and da- = dp; 



, dp ds ^ dp 
° " els' dr"^ ds* 

If a second evolute be drawn to the former as involute, and p" be ' 
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the radius of curvature at the corresponding pointy we shall Tiave 
in like manner 

And if p% p'\ . .p^"^ be the radii of curvature at corresponding points 
of a succession of evolutes^ we shall have in like manner 

p "P^j^. 



^ ^ dp^*^^ ' 

by which equations the radii of curvature may be successively deter^ 
mined. 



204. To find the equation to the evolute of a polar curve. 
Let PO be the radius of curvature of the curve AP ; SP 



= r; 




/S'y = p,\Vy=:p', perpendiculars to the tangent and normal at P, 
SO = r'. Then 



.'. p* + p" = r* 



(1). 

(2> 



From the equation to the curve iti terms of p and r, and these 
two equations, r and p may be eliminated^ leaving an equation be- 
tween p' and r', which is the equation to the evolute. 

For examples on the present Chapter^ see Gregory's Examples, 
Chapter xii. 
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SINGULAR POINTS. 

205. Certain points of curves present peculiarities of different 
kinds inherent in the curves themselves^ and not dependent on the 
position of the co-ordinate axes. Such points are called singular 
points: the most important are multiple points, conjugate points, 
cusps, and points of inflexion. 

Multiple points are those through which several branches of a 
curve pass. 

Conjugate points are isolated points through which no continuous 
branch passes. 

Cusps are points at which the curve suddenly stops and returns 
in the opposite direction. At a cusp, therefore, the curve has two 
branches with a common tangent. 

Cusps are of two kinds : 

(1) When the two branches are on opposite sides of the tangent, 

(2) When they are on the same side of it. 

The two kinds are represented in the following figures. 





Points of inflexion have already been defined in Art. 184. 

In the following investigations of the analytical properties of 
singular points, the equations to the curves are supposed to be alge- 
braical and not transcendental or circular. 

206. If a straight line is drawn intersecting any curve, it will 
tneet it in a number of points which 
may equal but cannot exceed the order y\ 
of the curve. (Hymers' Conic Sections, 
Sect 238). 

If we suppose the line to move 
parallel to itself, the number of points 
in which it meets the curve may in the 
course of its motion undergo various 
changes. Thus in the accompanying O 
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figure the line MPp meets the carve in two points. When by 
moving parallel to itself it reaches either the point A where it be* 
comes a tangent or the multiple point By the two points of intersection 
coincide. Beyond B again, the double intersection is restored. 
So if there had been more than two branches passing through B a 
greater number of intersections would have been reduced to a single 
one. 

This property will furnish an analytical test of the existence 
of a multiple point For convenience^ suppose the intersecting 
line to be parallel to the axis of ^. The ordinates MP^ Mp of 
the points of intersection for any assigned value of x will then be 
the roots of the equation tothe curve, when solved with respect to ^. 
Whenever two of these roots become equal the corresponding point 
must either be a multiple point as at ^ or must have its tangent 
parallel to the axis of ^ as at A, 

To distinguish multiple points from such points of contact, sup* 
pose another set of intersecting lines to be drawn parallel to the axis 
of X. Then the points of intersection for any assigned value of y 
will be given by the roots of the equation when solved with reject 
to x; and as before, when any two of these become equal there 
must either be a multiple point or a point whose tangent is parallel 
to the axis of x. 

If therefore for any values of x and ^ two or more roots of the 
equation become equal both when solved with respect to x and with 
respect to if, the corresponding point must be a multiple point, 
since the same tangent cannot be parallel to both axes at once. 
Hence the following proposition. 

207* To determine the analytical prc^rties of a multiple point, 
and to find the number and direction of the branches which pass 
through it 

Let /(^,y)-0 (1), 

be the equation to a curve cleared of radicals; :r,, if^ co-ordinates 
of a multiple point. 

If in (1) we put x = Xi, the equation must have two or niore 
roots each equal to ^^ ; and if we put yyi, it must have two 
or more roots each equal to ar,« Since the equation is in a rational 
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fbrm^ the condidon of its having equal roots is that the derived 
equation shall have a root of the same value*. The equations^ 

/'W = o, /(y) = o, 

will therefore be satisfied as well as equation (1) by those values 
of X and y which correspond to a multiple point. 

To determine the values of -^ at the point in question^ we have* 
by differentiating (1), 

/'(*)+/'(5')^=0 (2), 

which gives only an indeterminate value of -~ when the conditions 

of multiplicity are satisfied. 
Differentiating (2), we have 

/»+2/"(^,i^)g+/'m)*+/'(y)g: = (3). 

and putting a? = ar,, y —yn 

/"(xO +2/"(*.,^.)|^+/"(5'.)(|;)'=0 (4). 

If any of the coefiScients in this equation are finite, it will give 

two values of -^; if these are real, two branches of the curve pass 

through the point (xj , y^ at the inclinations determined by the two 

values of -~^ ; if they are impossible, no branch passes through the 

point, which is therefore a conjugate point, since its co-ordinates 
satisfy equation (1). 

If all the coefiScients in (4) vanish, the values of the differential 
coefficient remain indeterminate. 

To determine them we must differentiate (3), and in the result 
make x and y equal to x^ and y^^ : to simplify the process we may 
observe that (4) might have been obtained from (2) by differentiating 

it as if -^ were constant, since the term involving -^ must be mul- 
tiplied by a coefficient which vanishes when x, y are put equal to' 

• See Hymers* Theory of Equations^ Sect. IV. It will be observed Ihat the 
proof of the property employed in the text depends upon the equation being cleared 
of radicals. 
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^i> yi> the same will be the case with the equation derived from 
(S), which will l)e a cubic equation giving three values of -—- . 

If these are all real^ three branches pass through the point at 
inclinations determined by these values; if only one root of the 
equation is real^ there is a single branch of the curve through the 

point (jri,^i)- 

If this equation becomes indeterminate by its coefficients vanish-* 
ing when x, y equal x,, y^, we must proceed as before, differen- 
tiating as if -^ were constant, until we arrive at an equation which 

has finite coefficients. The number of real roots will indicate the 
degree of multiplicity of the point. 

If the equation for determining -^ has equal roots, two or more 

branches will touch. Points where this occurs are sometimes called 
points of osculation. 

The equation obtained after » differentiations is generally of the 
n^^ degree in ^ , but it may happen that the coefficients of some 

number (r) of the highest powers of -v— vanish while other coeffi-^ 

CmTi 

cients remain finite, thus reducing the degree of the equation to 

dx 
n — r. If, however, we had sought the values of -r-' instead of those 

of ^^, these would have been the coefficients of the r lowest instead 

of the r highest powers, and there would have been r roots of the 
Equation each equal to zero. In the former case, therefore, there 
must be r roots each equal to infinity, and r branches of the curve 
parallel to the axis of y, besides those determined by the other real 
roots of the equation. 

208. In this method of determining the values of ^ it has 

been assumed that -y^ vanishes when multiplied by a coefficient 

equal to zero; this may not be true, however, when the second 
differential coefficient becomes infinite at the point in question, a 
condition which, as will be seen, generally indicates some other 
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peculiarity besides multiplicity^ such as the existence of a point of 
inflexion or a cusp. An/ error arising from this source may be 
obviated by transferring the origin to the point which we are ex* 

amining^ and finding the limiting value of ^ when x and y approach 

zero^ whic^ will then be identical with the differential coefficient 
at that point. 

This is more laborious than the preceding method, except when 
the multiple point is originally at the origin^ and as the error 
alluded to is of rare occurrence the former method is generally 
preferable. 

209. To determine the analytical properties of cusps. 

Since a cusp is in fact a species of multiple point, it will 
appear, by the same reasoning as before, that the co-ordinates of 
such a point in a curve whose equation is /(jp, y) = must in general 
satisfy the equations ^ 

That which distinguishes a cusp from a multiple point, is that the 
two branches of the curve lie only on one side of the point instead of 
passing through it. 

If, therefore, a, b are the co-ordinates of a cusp, and we give to 
X in the equation to the curve the values a + h, a^ h, one of these 
must give two real values of y while the other renders y impossible, 
h being taken sufficiently small. 

This can only be the case, in algebraical curves, if the equation, 
when solved with respect to y, is of the form 

where m is odd and n even, since the radical has two real values 
when (j;~a) is positive and is impossible when this quantity is 
negative. 

By repeatedly differentiating the above equation, we shall at 
length arrive at one of the differential coefficients of y which con- 
tains a term involving a negative power of {x'^ a) and which there- 
fore becomes infinite when x^a* Hence the distinguishing pro- 
perty of cusps is that their co-ordinates render some of the differ-* 
ential coefficients of y infinite. 

H. D. c. 11 
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There is one case to which the above reasoning does not applyy 
viz. that where the cusp is of the first kind and the tangent paral- 
lel to the axis of y^ since in this case the values a — h^ a + k o£ x 
will each give a single real value of y. 

Here, however^ the first differential coefficient is infinite^ and our 
general criterion that some of the differential coefficients must become 
infinite still holds^ the other necessary conditions being those of y 
having a maximum or minimum value at the point in question, 
which have been already investigated. 

If the tangent is parallel to the axis of y and the cusp of the 
second kind, the substitution o£ a + k and a — A for or in the equa- 
tion to the curve will give respectively two and no real values of ^. 

To distinguish between the two kinds of cusps when the tan- 
gent is not parallel to the axis of y, we must observe whether the 
difference of the ordinates of the curve and the tangent at the cusp, 
corresponding' to an abscissa a^h, has the same sign for both the 
values of y^ or whether it is affected by a double sign. This differ- 
ence =/(« ± A) - {/(«) ±/'(a) h}. 

If we give to h that sign which corresponds to the real values 
of y, and expand the above expression in ascending powers of h, 
the development must contain an even root of b, since a change in 
the sign of h renders y impossible. 

If this root appears in the first term of the series the cusp is 
of the first kind, otherwise it is of the second kind ; for in the 
former case the two values of the series have opposite signs, and 
in the latter the same sign, when h is taken so small that the sign 
of the first term is that of the whole series. 

If f\a) is finite, the test assumes a simpler form ; for then the 

difference becomes « g-/"(« =*= ^^), which ultimately has the same 

sign or signs as f\a). If, therefore, /"(«) has a double sign the 
cusp is of the first kind, otherwise of the second. 

210. To determine the analytical properties of conjugate points. 

Whenever the co-ordinates of a point of a curve render the first 
differential coefficient impossible, no branch of the curve can pass 
through the point, since at every point of a continuous branch the 
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tangent of the angle which its tangent makes with the axis of x must 
have a real value. 

If the equation to the curve, /(or, ^) = 0, is in a rational form, 
the value of -p obtained from the equation 

cannot be impossible for any values of x and y, since both /'(x) 

and f'{y) must be free from radicals. If, therefore, -^ have an 

impossible value^ this equation must become indeterminate, or the 
co-ordinates of the conjugate point satisfy the equations 

There may, however, be conjugate points in a curve without 
-J- becoming impossible, in which case the above equations are not 

satisfied. 

For the point {a^ V) will be a conjugate point if y is real when 
x=-a but impossible when x-a-^h or a — A, h being taken suffi* 
ciently small. This can only occur, in algebraical curves, when the 
equation solved with respect to y is of the form 

where m is odd, n even, and a less than c ; for when x^a, y^F{a) 
and when x is put equal to a ^^ ^, 

y^F{a^K)^i^{a^h) (± /i)" (a - c ± Kf, 
which is impossible when h is sufficiently small, whether we take 
the upper or lower sign, since a — c^h may in either case be made 
negative by giving a sufficiently small value to h. 

If r is equal to unity, -p will contain a term involving (x — c)", 

whose coefficient remains finite at the point in question, and will 
therefore have an impossible value. In this case, therefore, the 
above conditions are satisfied by the equation in the rational form. 

dfj 

But if r is greater than unity, the terms in -^ , involving the radi-* 

cals, will all disappear when 4: = a, and -^ , as well as y, will have 

a real value at the conjugate point. 

11—2 
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211. There are some other peculiarities which can occur only in 
curves whose equations involve circular or transcendental functions* 
Thus y may become impossible in such curves, on one side of a cer- 
tain pointy without having double values on the other^ since the 
impossibility may arise from other causes than the existence of an 
even radical in the value of y. These are called points d^ arret. 

The curve y = x log x will be found to have a point d'arret at the 
origin^ 

Again^ the differential coefficient may change its value abruptly^, 
so that two branches of the curve meet in a point at a finite angle. 

Such points are called points saiUants. The curve y«J? tan~*- has 

X 

a point saillant at the origin. 

212. The principal results of this chapter may be summed up 
as follows. 

1^ f{x, y) — is an algebraical equation in a rational form^ those 
valqe^ of x and y which satisfy the equations 

correspond to points which are either multiple points^ cusps^ or 
conjugate points. They may in general be distinguished thus. 

At a multiple point -^ has two or more real values. 

At a cusp some of the differential coefficients of y become in* 
finite^ and the ordinate is generally impossible on one side of the 
point. 

At a conjugate point -^ is generally impossible, and y is impos* 
sible on both sides of the point. 

Ex. To find the nature of the curve 

y^ — axy^ + a?* = 
at the origin. Differentiating we have 

(4j?» - ay") + (4/ - ^axy) ^ = 0. 

There is therefore a singular point at the origin. Differentiating 
as if J- were constant^ we obtain 

IS** - 4«, I + (IV - 2a*) (I)'- 0, 
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all the coefficients of Tvhich vanish when x and y are put equal to 
zero. Diffisrentiating again as if -^ - were constant^ we have 

24,-6«(|)'+24^(|y=0, 
which gives when a? = 0, ^ = 0, 

(IT- 

There are therefore at the origin two branches parallel to the axis 
of X and one parallel to the axis of ^, indicated by the disappearance 

of the coefficient of (^) • 

If we solve the above equation with respect to y^ we obtain 

which gives four real values of y when x is positive and sufficiently 
small, and no real value when x is negative. 

The branches parallel to the axis of x must therefore form a 
cusp. 

Since the tangent at the cusp is the axis of x and its apex at the 
origin^ the difference between the ordinates of the curve and tan- 
gent is simply the value of ^, and since the corresponding values of 
y are of opposite signs, the cusp is of the first kind. 

Additional examples will be found in Gregory's Examples^ 
Chap. X, 



CHAPTER XII. 

TRACING OF CURVES. 

213. When the equation to any curve is given, we can, by 
giving a series of different values to one of the co-ordinates, deters 
mine as many points of the curve as we please. 

By determining the values of ^ or r -r- at these points, we can 

find the direction in which the branch of the curve passes through 
them; and by the methods already investigated we can find the 
position of their asymptotes, and the nature and situation of their 
singular points. 

Having done this, we can trace the form of the curve. 

214. When the equation to the curve is of the form y =/(«), it 
is generally sufficient to determine the position of the asymptotes, 

if any, and the values of y and -r- for a few points where they can 

most easily be found, when the positions of points of inflexion, maxi- 
ma or minima values of the co-ordinates, &c., readily suggest them* 
selves. When it is required to determine the position of such points 
more exactly, our previous methods must be resorted to. 

The following example will shew the method to be pursued : 



» ' 



a being greater than b. 

Since the curve is symmetrical with respect to the axis of x, we 
may trace it with the upper sign only, and add similar branches on 
the opposite side of the axis of x^ 

.-. 3^ = (^-a)y(^), 

*** dx^^^"^^ \/ \ X ) U-fl "^ 2 x-b " 2x) ' 
(l) To find the asymptotes not parallel to the axes. 

j,=(,-«)y(^). 
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, J, 16 li» \ 

= *-(«+|)^-|(«-5)i+ 

Therefore the equation to the asymptote is 

and the curve lies above or below the asymptote, according as x 
is positive or negative. 

(2) Positive values of x. 

Let ^ = 0^ •*. ^ = 00 > or the axis of ^ is an asymptote, 
^ > < 5^ ^ is impossible^ 

r i^ = o, 

^ = ^' (! = «' 
x^-b-ca, ^ is — , 
j, = 



SO a, ^ is +, 
. = oo,||=l. 




(3) Negative values of a?: 



«x = x, 11=1. 



Hence the form of the curve must be that of the figure. 

The curve may be verified and more exactly determined by 
seeking the positions of the maxima and minima ordinates, and the 
points of intersection of the curve and the asymptotes. 

215. When the equation to the curve gives y only in an im- 
plicit form^ we may often trace the curve by obtaining simple ap- 
proximate forms of the equation which hold when the co-ordinates 
approach zero and infinity respectively. 

Let^ for example^ the equation to the curve be 
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(1) To find the asymptote, assume 

(J 
^ «^dP + ^ + — + &c., 

.-. y* =^ V + 5A^Bx^ + BA^ {AC + 9.B^ x" + &c. 

• •. = (^» + 1) ;r* + 5-4'^^' + A {pA^'C + lOii'B* - 2a«) or' + &c., 

••. i4*+ 1=0, .*. -4 =-1, 

5A*B=-0, .-. ^« 0, 

Therefore the expanded form of the equation to the curve is 

M=— J? — - — + &C. 

^ 5 X 

The equation to the asymptote is therefore 

and the curve lies below or above it according as j; is positive or 
negative. 

(2) Omit the term x'^ in the equation, and consider whether the 
equation thus obtained is for any values of the co-ordinates an ap- 
proximate representation of the given curve. It is 

f = 2a Vy, 
or y* = 2aV. 
When this equation holds, the dimensions in x of each of the 
terms retained are -§-, while those of the neglected term are 5 ; if, 
therefore, we suppose x to be small, the term omitted is small com- 
pared with those retained; and the equation so obtained is there- 
fore, when X is small, an approximate form of the original equation. 
Hence the given curve has a branch which approximates, when 
near the origin, to the form of the curve 

y = ±^2fljr, 
which is represented in the accompany- y 

ing figure. 

(3) Omit the term y. 
Then the equation becomes 

2a V^ = x\ 

.a 



'*• y ^ ar.» 



XT 
2^* 
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o 



X 



Here the dimensions in x of the terms 
retained are 5> and those of the term neg- 
lected 15. The above equation is therefore 
approximately true when x is small. Its 
form is that of the figure. 

By omitting 9.a*a^y, we should only obtain the equation to the 
asymptote, which we have already found. This would give the 
as3rmptote accurately in the present example; but in general, when 
the asymptote does not pass through the origin, it would give only 
an approximate form of it, namely, a line through the origin parallel 
to it; the former method of determining the asymptote is therefore 
in general necessary. 

From the above data we can construct the curve, which must be 
of the form represented. 




This may be verified by seeking the position of the points of in- 
flexion and the maxima and minima values of the ordinates. 

It may be further verified by examining the nature of the mul- 
tiple point at the origin, which we will now do. 

y - 2aV^ + ar®s=0 (1), 

(2)- 



.-. (5Jp*-4a*ary) + (5y-2flV)^ = 0i 



There will be a multiple point when, together with equation (1), 

the equations 

5j?* — 4fa^xy = 0, 

5y* - 2a V = 0, 

are satisfied. The only values of x and y which satisfy these threct 
equations are X'^O, y = 0. 

Differentiating (2) as if n.- were constant. 
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(20ir» - Wy) - SaJ'x ^ + 20/ C^ = 0, 

which becomes indeterminate when x and y are put equal to zero. 
Differentiating again, after dividing by 4, we obtain 

ax \dx/ 

which becomes^ when x=^0, y-0, 

dx 

There is therefore one branch parallel to the axis of x, and two 
parallel to that of y, corresponding to the two infinite roots due to 
the disappearance of the two highest powers of the cubic This 
result accords with the figure. 

216. When the equation to the curve is expressed in polar 
co-ordinates^ the direction of the curve at any point is determined 
by the inclination (0) of the tangent to the radius vector where 

tan <p^r-^. It is also necessary to find the polar subtangent in 

order to determine the position of the asymptotes. 
Let, for example^ the equation be 



a 
r = 



l+ecos6 ' ^ ^®^"^ greater than unity; 
(differentiating the logarithm of r, we have 

dr e sin ^ 1 + e cos B 

rdB 1 + g cos ^ e sm ^ 

a 



ST=rtand>= — r-^. 

e smO 



Let a = ^ 



a 

r =s 



tan ^ = X , 
> < a, r is +, 

a being the smallest value of cos"*' f — j , and therefore between ^ w 

and ir; 



e 



a < 



r = 00, 
a 



ST^ 



e sin a + J(e' - 1) ' 
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in 



e 



> a < TT, r 18 — 




6 > «■ < Stt - a, r is — , 



^ sin a — i^yC^— 1)' 
^ > 2flr — a < 27r, r is +, 

a = 27r' *" 



r = 



e+1' 

tan ^ «>oo • 

When ^ SI ^' * 2n TT, the value of r is the same as when 6 *= 6\ 
Hence all portions of the curve corresponding to values of 6, either 
liegative or greater than Stt, only repeat those akeady found between 
the limits and 29r, 

By observing the rule with respect to the sign of STy the asymp- 
totes corresponding to ^ » «, and 6 ^2fr— a respectively, will be 
Ppy Qqj and the curve will be represented by the figure. 




A being the point where ^ = and a that where = 2ir. The 
asymptotes evidently intersect at C the bisection of Aa^ since 

a 



ST^ST= 



and 



''Ve + l e-lj c"-l sma 

Additional examples will be found in Gregory*s Examples, 
phapter xi. 



CHAPTER XIII. 

ENVELOPES, DIFFERENTIALS OF AREAS, ETC, 

217. To find the equation to the envelope of a group of curves. 

Let f{^y,a)^0 (1), 

be the equation to the curve whose parameter is (a), 

/(*,y>a + Aa) = (2), 

that to another curve of the same group, whose parameter is 

(a + A<i). 

These curves will intersect in the points whose co-ordinates are 
given in terms of a and Aa, by equations (1) and (2). As Aa varies, 
this point of intersection changes its position, and the limiting posi- 
tion to which it approaches when Aa approaches zero is called the 
point of ultimate intersection of the curve (l), and the contiguous 
curve of the group. At the point of intersection of (1) and (2) we 
shall have 

/{x, y,a + £^) ^/(x, y, fl) _ ^ . 
Aa "■"' 

and, therefore, at the point of ultimate intersection, 

. df{x, y>a) _^ 



(3). 



Equations (l) and (3) therefore determine the point. 

By eliminating a between (1) and (3), we obtain an equation 
between x and y^ which holds at the point of ultimate intersection, 
and which is independent of a. This is therefore the equation to 
the locus of the points of ultimate intersection of curves of the group 
represented by equation (1). 

Let the equation to this locus be 

*(^,^)-0 (4). 

Then it may be shewn that the curve (4) touches eeuih of the 
curves of the group (1), and that every point of (4) is touched by 
some curve of the group. For this purpose it is only necessary to 
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bear in mind that any one of the equations (I) (3) and (4) is deriv- 
able from the other two. 

Thus^ let a have a particular value in (1) so that that equation 
may represent some one curve of the group. Then at the point of 
intersection of (1) and (4) equations (1) and (4) hold together^ and 
therefore at that point equation (3) also holds. 

Now the value of -^ at the point of intersection^ in the curve (l) 
is given by the equation 

/W+/'(y)f = (5), 

and that in the curve (4) by the pair of equations 

/W+/W|+/4 = 0| (6), 

1 

"which are identical with (5), and therefore the curve (4) touches the 
particular curve (l). 

So also, if we take any point of (4) whose co-ordinates are 
(x,, y,), it will meet that curve of the group whose parameter is 
given by equation (1) when jp,, y^ are put for x,y. 

The parameter thus obtained will therefore also satisfy equation 

(3)with the same values oi x, y; and the values of ^ at the point of 

contact will be determined by equations (5) and (6) respectively, 
which as before are identical. Hence, any point x^, y^ of the curve 
is touched by one of the curves of the group (1). 

For these reasons the locus of ultimate intersections of a group 
of curves is also called the envelope of the group. 

218. If the equation to the group contains two or more parame-* 
ters connected by equations, so that one only is independent, it may 
be reduced to the assumed form by eliminating all the parameters 
except one, by means of the equations connecting them. 

It is however often more convenient to differentiate the equation 
before such elimination, and afterwards eliminate the differential 
coefficients of the dependent parameters by means of the given 
equations between them. The operations in this case become more 
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symmetrical by the use of difterentials instead of differential coeffi- 
cients, when the elimination may generally be most readily effected 
by the method of indeterminate multipliers, explained in Art. 177* 

As an example, we will find the envelope of the system of lines 
of a constant length whose extremities lie in two lines at right 
angles to each other. 

Let the two lines be taken for the axes of j? and^; c the constant 
length of each h*ne of the group. 

The general equation to any line of the group is 

M=> (■). 

where a, b are parameters connected by the equation 

a'-^b'^(f (2). 

The equation to the envelope will be given by the elimination of 
a and b, between (1), (2), and the equations 

xda ydb _ 

ada-^bdb = 0, 
which together are equivalent to equation (3) of Art. 217. 

Using an indeterminate multiplier \ we have 
whence we may obtain 



X 




and ^ - A& = 0, 




X y 
- + r 

••^ a» 6» a' + b' 


1 



9 y 



therefore substituting in (1), the required equation is 
For examples see Gregory's Examples, Chapter xnr. 
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219. To find the point of ultimate intersection of a normal to a 
given curve with the contiguous normal^ and the locus of all such 
points. 

Let the equation to the curve be 

y=/W- --(i)- 

Let a/, y be the co-ordinates of the point of ultimate intersection 
of the normal at {x, y) with the contiguous normal, and let the dis- 
tance between (a?, y) and (j/, y*) be denoted by />. Then 

{^-^y+W-yr-p' (2). 

The equation to the normal is 

(a?'-a?)<fo? + (y-j^)c?y = (3). 

And at the point of ultimate intersection the differential of this equa-^ 
tion with respect to the parameters x, y^ must also vanish ; 

.'. {x''-x)d^x + {y^-y)d^y^da? + dy^ (4). 

Equations (2), (3) and (4) will give x^y j/ and p in terms of x 
and y and their differentials, y and the differentials may then be 
eliminated by means of equation (1) and its derived equation, and 
af^ y' and /> obtained in terms of x alone. By eliminating x between 
the values of j/ and y' we shall obtain the locus required. 

The equations for determining x\ y' and p are the same as those 
found in Art 197 for the determination of a, /3 and p. 

The point of ultimate intersection of contiguous normals is there- 
fore the centre of curvature, and the locus of all such points the 
evolute of the given curve, a result which might have been foreseen 
from geometrical considerations. 

220. This property furnishes a more convenient method of ex- 
pressing p in terms of/? and r than the one given in Art. 199* 

Let P be any point of a curve, 

O the centre of curvature at P, and therefore 

Then 

SO^ ^^SF^ + PO'-^Q SP.FO cos SPO 

= r^-\- p*-2pp. S 

Since is the point of ultimate intersection of contiguous nor- 
mals, a change in the position of P will in the limit produce no 
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change in the position of O or the length of OP.  The above equa- 
tion may therefore be differentiated with respect to r and p, con- 
sidering SO and p as constant. Hence 

= 2rdr-2pdp; 

dr 
dp' 



p:^r 




221. To find the differential of the area included by a curve 
and two ordinates. 

Let PQi be two points of a curve whose co-ordinates are AM^x, 
MP = y, mdAN=x + Aj!, NQ-^y+Atf; 
and let the area between AMy MP^ the 
curve CP, and some fixed ordinate equal A, 

Then the area MPQN will with the 
same notation equal AA, AA being the 
increment of A corresponding to an in- 
crement Ajr of X. 

This lies between the areas of the pa- 
rallelograms MR, MQ, i.e. between yAx, and (y + Ay) Av; and 
since the limiting ratio of these areas when Ar approaches zero is 
unity, that of AA and either of them must equal unity^ 

or dA =ydx, 

222. To find the differential of the area included by a curve 
and two radii vectores. 

Let P, Q be points of a curve whose polar co-ordinates are r, 0, 
and r + Ar, 6-^ Ad, and let A be 
the area between the curve CPy 
the radius SP, and some other 
fixed radius. Then will SPQ equal 
AAy the increment of A corre- 
sponding to an increment A^ of d, 
AA lies between the areas of the 
circular sectors whose radii are SP, SQ respectively, and vertical 
angle equal to PSQ, i. e. between 

Ue and tipLA0: 
2 2 
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and since the limiting ratio of these sectors when A^ approaches 
zero is unity, that of A4 Biid either of them must equal unity ; 

. // ^^ - 1 

Las 

2 ' 

223. To find the differential of the volume included by a sur- 
face of revolution and two planes perpendicular to its axis. 

Let F be the volume produced by the revolution round AN 
of the area bounded by MP, the curve CP and a fixed ordinate, 
(see fig. Art. 221). Then AF will be the volume produced by the 
revolution of FQ, AV being the increment of F corresponding to an 
increment A^ of a:; AF lies between the cylinders produced by the 
revolution of PB, OS respectively, L e, between 

TTj/'Ao? and tt (^ + At/)* Ax : 
and since the limiting ratio of these volumes when Ar approaches 
zero is unity, that of AFand either of them must also equal unity; 

// ^^ , 

*j  . . . 

.'. dF=Try^dx. 

224. To find the differential of the surface of a solid of revolu- 
tion bounded by two planes perpendicular to its axis. 

Let S be the surface produced by the revolution of a curve CP 
about the axis of x, AM. Draw Pw, ^ 

Qm parallel: to the axis of x and each 
equal to PQ^ Then AS^ the incre- 
ment of iS' corresponding to an incre- 
dient Ar of x, will be the surface pro- 
duced by the revolution of PQ, and a ' ^~~ '^ ^ 
PQ = A* if arc CP = s ; AS lies betwen the surfaces produced by the 
revolution of Qm and Pw, i. e. between ^iryAs and 27r(j^ + Ay) As. 
Since the limiting ratio of these surfaces when A^ approaches zero i$ 
unity, that of AS and either of them must equal unity ; 

A^- _ 

^iryAs 
.*. dS=^2'n-yd^^, 

= 27ry ^{dx^ + dy% 
H.D C. 12 




CHAPTER XIV. 

INTEGRATION BETWEEN LIMITS AND SUCCESSIVE 

INTEGRATION. 

225. To express an integral as the limit of the sum of a series. 
Jjtt/'(x) be any function of ^^ a any constant^ and let the interval 
x-ahe divided into n parts each equal to Aor, so that 

Ai? = , and .•. x = a-^nAx, 

n 

Let <p (x) =/'(a) Ax -\-f{a + Aa?) Ax +/'(a + 9. Ax) Ax 

+/{a + (« - 1) Ax} Ax, 

The value of <f> (x) depends on the number of terms (n) of this 
series, and the consequent magnitude of Ax. Now when n ap- 
proaches infinity. Ax and therefore each term of the above series 
approadies zero, and <p (x), whose actual value then becomes indeter- 
minate, will approach a certain limiting value ; let this be >//- {x). 

To determine the value of >//■ (x) change x into x + Ax in the 
above series, which is equivalent to adding to it the term 

f{a-hnAx)Ax, or f{x)Ax. 

Hence, ^ (a? + Ax) - ( j?) ^f\x) Ax ; 

I'^' + ^-'Pi^) =/'(4 

In this equation let Ax approach zero; then (t>(x) becomes in 
the limit "^{x)^ 



.».ft^ »(^^y-»(") =^», 



Ax 

A >/.'(*) =/(x); 

therefore yj/^ (x) must be one of the values contained in the general 
integral, /(x) + C, o£f(x). To determine the value to be given to C, 
we have 

^{x)=f{x) + C, 
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since (x) and therefore \|/^ (x) evidently vanishes when x is made 
equal to a ; 

and >K^)=/(^)-/(«) (1). 

The general form of the integral of /'(or), viz, /(a?) + C7, is 

written \f(x)dxy the indeterminate constant being included in the 

integral sign. When such a value is given to C that the integral 
shall vanish when x equals any particular value a, the integral 

f(x) -/(a) is written I /'{x)dx; and if in this we give to x any 

particular value b, the resulting value of the integral, viz. 

/(^)-/(«) is written C/(x)dx, 
jf'{x)dx is called the indefinite integral 6ff'(x), 
I fix) da the corrected integral of /' (x), 

\f{x)dx the definite integral of /'(a?), between the 

limits a and b. 

With this notation equation (1) becomes, giving "^(x) its value, 
and writing /{x) instead of/' (a?), 

fy(x)dx ^ lt^^{/(a) Ax +/(a + ^) Ax .,. +/(a?- Aa?) Aar}; 
.•. rf(x)dx^ltA^{f(a)Ax-\-/(a'¥Ax)Ax ... +/(& - Ax) Ajt}. 

The indefinite integral must therefore equal the limit of the 
sum of any number of terms of a series formed like the above, 
commencing with any term ivhatever of the series, and termi- 
nating with that in which the quantity under the functional sign 
is X — Ax. 

The above equations may be written for the sake of brevity as 
follows: 

ff{x)dx = It^ 2.-^{/(x)Ax}, 

f/(x)dx = Ua^ J.y'{/(x)Ax}. 

12—2 
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226. To detennine the area included by a curve and two given 
ordinates. 

In Art. 221 it was proved that if A is the area included by a 
curve, a fixed ordinate^ and an ordinate whose abscissa is x, 

dA=y dxy 



A 



= lydx, 



'^'(p^x^ + C suppose. 

The area and the integral are alike indeterminate, the former on 
account of the indeterminate position of the fixed ordinate^ and the 
latter on account of the arbitrary constant which enters into it. 

If the fixed ordinate is made definite and taken to be that 
whose abscissa is a, the arbitrary constant must have such a value 
given to it that the area shall vanish when x is made equal to a ; 

.'. ^ (a) + C = 0, 

and A=<t>(a})-<p (a), 



't' 



dx. 



(1). 



By giving diflferent values to x^ we obtain the values of the areas 
bounded by the ordinate wliose abscissa is a and any other. Thus 
the area included between ordinates whose abscissae are a and h 



/. 



= / ydx 



(2). 



It may be observed that as soon as a constant value is given to 
the abscissa of the second ordinate^ the form of the function 
disappears from the expression, so that while from (1) we can 
obtain the value of any one of a system of such areas, (2) will 
determine only the particular area to which it is equal. 

For example, let the curve be a circle. 

p 




c ^ A 

Taking C for origin, we have 
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/. area CBNP = J(a'-x^dx 






X 



- 5*^ n/(«'- ^) + ifl' sin-* - + C. 



a 



Since the area vanishes when ^ = 0, C must also equal zero^ 
.-. area CBNP = i xj(a' - a?«) + ^ a« sin"' - . 

Let now j: = a, 

.'. quadrant A CB = ^ a" 5 ir = ;J ir a% 

.•. whole area of circle = wa*. 

From this expression the form of the general function from which 
it is derived has disappeared. 

227. To determine the length of the arc of a given curve. 
If s is the arc of a curve measured from any fixed point to the 
point whose jabscissa is x. 



- '-/y{-@)>- 



If the abscissa of the fixed point is a. 
And the arc between two points whose abscissae are a and h^ 

As an example we will find the arc of the cycloid from the vertex 
to a point whose abscissa is x. 



In the cycloid | = y(?^). 



a being the radius of the generating circle, and the vertex the 
origin ; 



.% arc 



= 2 J{2ax) + C, 
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and C^O, since the arc vanishes when « = 0^ 

A arc = 2 ^(2fl«?). 

If we put X = 2ay we obtain the arc of a semi«cycloid which there- 
fore = 4a. 

228. To determine the area included by a curve and two given 
radii vectores. 

If A be the sectorial area included between a curve^ a fixed 
radius and a radius inclined at an angle 6 to the prime radius 

.-. A^^jr'dd. 
If the fixed radius is inclined at an angle^ a, to the prime radius 

and the area bounded by radii inclined at angles a, ^ to the prime 
radius 

229. In like manner if F," S be the volume and surface of a 
solid of revolution bounded by planes whose abscissas measured 
along the axis of revolution are a and or, 

V^irlfdx, Art 223, 
If the two abscissGB are a and h. 



*-XV{-*®>- 



230. These expressions for areas, arcs, &c., may be found at 
once from the considerations of Art. 225. 

Thus, to find the area ABPN. Let OA^a, ON=^b, Om^x, 
mp -y. Divide AN into a number of parts each equal to Aa?, and 
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A 



m n IT 



on these as bases construct parallelograms as in the figure. 

Then, assuming that the area is equal to the limit of the sum of 
the parallelograms when Ax approaches zero, we have 

area ABIHF = //a=o ^t^y^y 
since ^ Aa: is evidently the area of any of the parallelograms, as up, 

/. area ABli^P = ( ^dx, Art 225. 

The parallelograms or other portions into which the whole quantity 
is divided are called elements. 

By taking as our element the cylinder generated by the revolution 
of one of the parallelograms, and assuming that the volume of the 
solid of revolution is the limit of the sum of the cylinders when 
Ar approaches zero, we have 

F=/<A=o2:a*-^^yAar, 

By taking the chord fq as our element and assuming that the 
arc BT equals the limit of the sum of the chords, when Ao: 
approaches zero, we have 



= lt^^^ 



6-A« 



y{-^)>. 



'Ui^^m-- 



By taking as our element the surface generated by the revo- 
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lution of the chord pq about the axis of a:, and assuming that the sur- 
face of revolution is the limit of the sum of these elements when Aj? 
approaches zero^ we have 

By taking as our element the circular sector whose radius 




S ji 

is Sp and vertical angle A^ and assuming that the sectorial area 
BSP between radii^ for which the values xA. 6 are a and /3, is 
the limit of the sum of such elements when A^ approaches zero> 
we have 

area BSP = It^^ "ZJ^^^^f^AO, 



^k\y'de. 



It will be observed that the assumptions made in each case are 
equivalent to the equations giving the differentials of the areas^ 
arcs, &c., in Arts. 221 —224. 

In fact it is the same thing to say that the whole quantity 
equals the limit of the sum of the elements, as that the increment of 
the whole and the element have ultimately a ratio of equality, which 
is what those equations amount to when expressed in words instead 
of symbols. 

231. This method of dividing a quantity into elements may 
be applied to other functions besides areas, volumes, &c. 

Thus let it be required to find the limit of the sum of every 
portion of a circular area, inultiplied by the square of its distance 
from the centre, when the magnitude of each portion is indefi- 
nitely diminished. Let the radius of the circle be a. Take as an 
element the annulus whose inner radius is r and breadth Ar. 
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The required function for this annul us 

= (area of annulus) r*, 

neglecting the difference of the values of r for different parts of the 
annulus, since when the limits are taken any error from this source 
vanishes. 

Therefore the required quantity 



= ^^^1 



a 

r^dr 





o* 



a* 
= (area of circle) — . 

Successive Integration. 

232. Hitherto we have considered integration only as the con- 
verse of the simple differentiation of a function of one variable. It 
may however be extended in the same way as differentiation^ and the 
converse of the operations of successive and partial differentiation 
will be called successive and partial integration. 

Such operations are denoted by merely prefixing the integral 

sign (1) to tlie differential, of whatever kind it may be, as many 

times as there are operations to be performed. 

Thus if u =/(x) 

we have, when x is independent variable, 

du=f\x)dx, 

d'u=f'{x)dx\ 



the converse of which equations will be written, 

M= \f{x)dxy 

u = ffr(x)da^, . 

So if ti=/(x, f/), 

d^u =/' {x) dx, d,'u =/" (ar) fltr", d^dyU = f^ (or, ^) dx dy^ 
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X and y being the independent variables, whence we have 

The last integral is more often written Idx \dyf'{x^y), a form 

which will be found convenient when the integration is between 
definite limits. 

An integral involving two or more signs of integration is called 
a double or multiple integral. 

233. We have seen that in order to obtain the general value 

of //'(^) dx it la necessary to add an arbitrary constant, because 

such a quantity would disappear in differentiation. The same must 
be done at each stage of the successive integration of a function of 
one variable. 

Thus {f'{x) dx =/ («) + C ; 

.-. J [/' W dx' = ((/'x + O) dx =f(af) + Ca? + C, 

where C and C' are arbitrary constants. 

So if we integrate n times in succession with respect to x we 
must add, 

since such a quantity would disappear in the corresponding differ-i 
entiation. 

For the same reason, when we integrate a partial differential 
dj/(x, y) we must add the most general quantity which would have 
disappeared in obtaining d,f{Xy y). This may be any function of ^ 
or a constant, both of which are considered as included in the general 
form <p {y) where <p is perfectly arbitrary. 

If therefore « =/(xy y), 

jf{x)dx^f{x,y)^4>{y). 
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Similarly, Jf(t/) dy =f{x, y)+yU (x), 

when 0, yj^ are perfectly arbitrary functions. 

So if we have to integrate twice partially with respect to x, we 
must add an arbitrary function of ^ at each stage ; 

ipi and <p2 being arbitrary functions. 

Again, if we have to integrate first partially with respect to one 
variable and then partially with respect to the other we have 

jdyfdxf- (X, y) =^jdy{/(j/) + 4>(f,)} 

where >^ (y) is the integral of the arbitrary function (y) and there- 
fore itself a perfectly arbitrary function of ^, and x (*) a perfectly 
arbitrary function of x. 

In like manner the general value of any multiple integral will 
be given by adding to the particular integral, such functions of the 
variables as would have disappeared in the corresponding differen- 
tiation. 

234. The arbitrary functions introduced into the value of par- 
tial and successive integrals may be determined, and the definite 
integral obtained between given limits exactly as in the case of 
simple integration. 

The case of most frequent occurrence is that of successive inte- 
gration with respect to several different independent variables, as 
for instance where 

u^jdxldyf'{x,y). 

Here fdyr(x, y)^it^^ ^ (,), 

where <p is arbitrary. 

If the integral vanishes when y equals some function, Xi, of x, 
we have 
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which determines <p and then 

If both limits of ^ are given and equal Xi and Xg, we have 

ssF'{x) suppose, 

where i^(«) will be a function of j? whose form depends on that of/ 
and on the values of Xj and X,. 

Jrxa 
^3f"\^> y) ^^ ^^^ expressed as a definite function of ^ in the 

same way as I dxf{x) was in Art. 225 expressed as a definite 

constant. Substituting the above value in the general integral, 
we have 

^dxQdyf\x, y) = ^dxr{x) 

^F{x)^C. 
If this integral is to vanish when x = a, 

.-. j'dxj^'djffXx, y)^F (x) - F{a). 
And if two limits a and b are given, 

\ldxJ2dyf\x, y) = F(b) - F(a). 

235. The interpretation of multiple integrals as the limiting 
sums of series, is similar to that of simple integrals. Thus in the 

above instance I dyf\x, y) is the limiting value of the series 

whose general term is f\xy y) Ay, the first and last terms being 
those in which y = Xi and X, — Ay respectively. The limit of the 
sum so found is what we have denoted by F'{x). This is a quantity 
varying with x, and a series may therefore be formed whose general 
term is JP'(jr) Ax, and the first and last terms those in which x equals 
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a and b — Ax respectively. The limit of the sum of this series will 
then be I F'(x)dx. Hence 

that is, if an element be formed whose value is/"(x, ^)AarA^, the 
limit of the sum of all such elements will be given by the mul- 
tiple integral jdx ldi//^'{x,i^), taken between the appropriate limits. 

236. We will apply this method to find the area included be- 
tween the two curves APB, AQB, whose equations are respectively 

y =/(a?) and y = (x). 




Let X, y be the co-ordinates of any point p within the area ; 
x + Aa7, y + Ay those of any neighbouring point q ; x and y will there- 
fore be independent of one another. Then the area of the paral- 
lelogram pq whose sides are Ax and Ay = Ax Ay, 

Also the area of a parallelogram of which one side is PQi and 
the other Ax is the sum of all the smaller parallelograms obtained 
by giving to y all values between MP{f{x)} and MQi[p(x)} ; 

.'. parallelogram PR = / dy Ax 

and the whole area between the curves equals the limit of the sum 
of all parallelograms formed in the same way as PR, and comprised 
between the ordinates HA, KB, that is^ between the limits a and b 
of X, if OH^a, OK^h, 
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/. Area - \ dx \ dy=\dx{<p{x) -/(ar)} 

= 1 (p(ai)dx — j f{x) dx. 

We might have obtained the same vesult by the formula of Art 
226, which would have given. 

Area HAQBK^ C<l>(ai)dx, 
Area HAPBK^ [/(«) dx; 

,\ Area between the curves =1 (j?) dr — I f{x) dx. 

237* As another example, let it be required to find the centre 
of gravity of a quadrantal area. 

Let x^yhe the co-ordinates of the centre of gravity G; x,y those 

of any point p within the area. Then the moment c_p 

of G about OB must equal the limit of the sum of 

the moments of all the elements of which the area is 

made up. 

o m: A B 
Or if we take an element AorAy as before, we have, 

area BOC xAG = //2 MpAx Ay, 
also aresL BOC ^ lf2 Ax Ay ; 

-^IfZyAxAy 
" ^ It^ Ax Ay 

jdxjydy 

the limits being first from ^ = to ^ = MP = J a* -3^, and then from 
a: = to ^ — OB ^Oy a being the radius of the circle ; 




'V^IP 



Similarly 






Va2_«a 



xdy 



l>i 



ViS^G? 



dy 
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Now I !/dt/-'^ + C; .\0 = C; 



Jo 






2 



Va^-jS Ha^-^^ 



Ma^-3^ rya^^^ 

Also I dy=ija'-x\ ^^^ jo xdy^x Jc^ - a;' ; 






•VSI^ 



Also Ldx\ di/= tdxja^-af^^x^a'-x' + ia'8iir^-' + C, 






fa rWa^^ r- 

And j^dx j^ xdy = ]^dx.XMja'-a^ =-^{a*-a^^ + C, 



"3' 

3 4a 
4 



Tfl" 



«» 



and jf = =s — . 

w „ Sir 
— a 
4 

238. The method of converting the limiting sums of series into 
multiple integrals, is equally applicable whatever may be the number 
of independent variables. In every case^ the increments are changed 
into the corresponding differentials and the sign of summation into 
that of integration, the limits of the integration being the same as 
those of the series. The order of integration is very material. For 
in general the limits at each integration are functions of all the 
variables with respect to which the integration remains to be per- 
formed ; their values therefore depend on the order of integration, 
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and the latter cannot be varied after the limits are once fixed. The 
only exception to this, is when all the limits are constant, as some« 
times happens, in which case we may differentiate in any order we 
please. A careful consideration of the examples above given^ will 
make the truth of these observations apparent. In working ex- 
amples great care ^is requisite to avoid errors in fixing the limits, 
which can only be done with accuracy by keeping constantly in view 
the series of which the integrals are the limiting values. 

Examples of the determination of areas, surfaces, &c. will be 
found in Gregory's Examples, Part ii. chap. ix. Applications of in- 
tegration to summation, are met with in all physical subjects, and 
form the principal use of the Integral Calculus. 

239. To express an integral by an infinite series of finite terms. 
By integrating by parts, we obtain • 

ff{x) X dx =/ (x) ^ - i |r W ^ dx, 

\r{x)x-d^=f\x)^^^i \r{x)^dx, 

Sec, = &c. 
.-. j/(x) dx =/(x) X -/'(x) g . . . */-' (•^) £ ' A //" (•»•) •^•" 'i-'^- 
If in this series we make n infinite, we have 
f/ix) dx =/(*) X -/(*) g + /" (x) -g - &c in inf. 

The term t— //"'(o:) a^cLr is therefore the difference between 

the infinite series and its first n terms. An arbitrary constant must 
be added to give the general value of the integral. In the first form 
of the expression the constant is included in the last term. 

240. From the formula of integration by parts we may obtain 
a proof of Taylor's Theorem, which presents the remainder after n 
terms in the form of a definite integral. 



na + h)-f(a)=j^ f{,x)dxi 
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let x=:a-^ k — z; , 

and when ar = a, s=:h, 

a! = a + h, s = 0; 

.% /(a + A) -/(a) = Cf(a + A - z) rfz. 
Now by repeatedly integrating by parts, as in Art. 239, 

; [2 



Therefore taking the integral between the limits and A, 
/(a + h) =/(a) +/(a) k +/'(«) ^ +/<-^)(a) ^^ 



fj;^ [/•»(« + A-£) 2--^ (fo. 



The value of the remainder after n terms is, therefore. 

This is easily shewn to lie between the limits of the remainder 
before found. 

For r/*>(fl + A-z)s^*rf^ = ftA=o2o*-^{/"*(fl + A-;s)s^^A^}. 

The particular value of J^'^a + A - xr), by which any term of this 
series is multiplied, must lie between the greatest and least values 
which that function can assume while z varies from to A. 

There must, therefore, be some intermediate value of z which 
gives to the function a value, which multiplied into every term, 
gives the same result as when each term is multiplied by the par- 
ticular value belonging to it. This value of s may be represented 
by (1 — ^) A, where 6 lies between and 1. By substituting this, the 
series becomes 

H. D. C. 18 
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••• //"* (O + * - 2) 2^' dz =/<-> (fl + eh) fV^ dz 

Jo Jo * 

=i>'(«+flA). 

And the value of the remainder is^ therefore, 

the expression before obtained. 

The expression in the form of a definite integral is of course 
preferable, when the integration can be effected, as it determines 
the exact value of the remainder and not merely the limits between 
which it lies. 



THE END. 
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The above two books toUl be fotmd very useful to TeacJiers preparing Students 
for the University of Cambridge, as they shew psacticallt the nature of 
the changes introduced by the *' Mathematical Board" in 1848. 

XIII. 

By the Rev. W. N. GRIFFIN, M.A., 
late Fellow and Assistant Tutor of St. John's College, Cambridge* 

The Theory of Double Refraction. Svo. sewed, 28. 

XIV. 

Bishop Hallifax's Analysis of the Civil Law. 

A new Edition, with alterations & additions. By J. W. Geld art, 
LL.D. Svo. cloth bds. 8s. 6d. Interleaved, 10s. 6d. Double 
interleaved, 12s. 6d. 

XV. 

By G. W. HEMMING, M.A., 

Fellow of St. John's College, Cambridge. 
{A New Edition, corrected and enlarged). 

An Elementary Treatise on the Differential and Integral 

Calculus. For Colleges and Schools. 8vo. cloth, 9s. 

XVI. 

Bishop Jewell.— Apologia EcclesisB AnglicansB. 

Huic Novae Edition! accedit Epistola celeberrima ad Virum 
Nobilem D. Scipionem, Patricium Venetum, de Concilio Tri- 
dentino conscripta. Fcap. 8vo. bds. 4s. 6d. 

xvn. 

Bishop Jewell's Apology of the Church of England ; 

And an Epistle to Seignior Scipio concerning the Council of 
Trent. Translated, with Notes. By Rev. A. T. Russell, B.C.L. 

Fcap. 8vo. bds. 58. 
XVIII. 

S. Justini Philosophi et Martyris Apologia Prima. 

Edited, with a corrected Text and English Introduction, con- 
taininga Life of the Author and explanatory Notes, by the 
Rev. W. Tbollofe, M.A., Pembroke College, Cambridge. 
Svo. bds. 7s. 6d. 
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Justin Martyr's Dialogae with Trypho the Jew. 

Translated from the Greek into the English, with Notes, chiefly 
for the advantage of Bnglish Readers ; a Preliminary Disser- 
tation, and a short Analysis. By Henbt Brown, M.A. 
(Originally printed in 1745.) 8to. bds. 9s. 



By the Rev. H. LATHAM, M.A. 
Fellow and Tutor of Trinity Hall, Cambridge. 

Geometrical Problems in the Properties of Conic Sections. 

8vo. 3s. 6d. 

XXI. 

Edited by Professor MA URICE. 

Law's Remarks on the Fable of the Bees. 

With an Introduction. By the Rev. F. D. Matjbicc, M.A., 
Professor of Theology in Kmg's College, London. 12mo. bds. 
4s. 6d. 

'* Th€ first aecHon is one of the most remarkable FhUosophieal Essays I have 
ever seen in Unglish^—JoKV SrsBLiMa. 

XXII. 
By the Rev. T. LJJNB, B.D., 

late Fellow of St. John's College, Cambridge. 

A Short and Easy Course of Algebra. 

Chiefly designed for the use of the Junior Classes in Schools, 
with a numerous collection of Original Easy Exercises. 12mo. 
bound in cloth, 3«. 6(^. A new Edition, 

'*Hi8 definitions are cuimirablefor their aimplicity and clearness," 

ATHENiEUM. 

'* We have much reason to admire the happy art of the Author 
in mcJting crooked things straight and rough places smooth," 

The Educator. 

xxni. 

Mr. Merivale's (author of ''the History of Rome") Sallust for 

Schools. Crown 8vo. cloth, price 5s. Just ready, 

XXIV. 
By J. B. PHJBAB, M.A., 

Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 

Elementary Mechanics, 

Accompanied by numerous Examples solved Geometric^y. 
8vo. bds. lOs. 6d. 

*' The tadc is well executed .... JTu an'ongement is Ittcidf his proofs 
simple, and beautiful,"'-'TKE Eoucatob. 
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XXV. 

PLATO. 

Plato's Republic: 

A new Translation into English, with an Introduction and Notes. 

By two Fellows of Trinity College, Cambridge, (D. J. Vaughan-. 

M.A., and the Key. J. LL. Dayies, M.A.) Crown Svo. cloth, 

7s. 6d. JiMt ready. 

"A really good, hy which we mean a literal and elegant translation."— 

Spectator. 
"Heads Wee an original eompo»ition,"--CKmc. 

"Bejmed Scholarship. A very dhle critical Introduction and a careful 
Analysis.**— "Ejsqjjsb. Eeview. 

** A sound and scholarly version. It is more, it is, — a rare virtue in classical 
translations,— * done into choice English,* Besides this, it has a sensible 
introduction and a close analysis.** — Christian Beicembbakcer. 

**A valuable eontrilnition to the study o/P/o^o.**— Litbrart Gasxttx. 

" There is a good IiUroduction prefixed, to explain to the unlearned reader 
some of the points in the Platonic philosophy which are sometimes mis- 
represented, or at least misunderstood, such as the nature of dialectics, 
ideas, ^c. We recommend this volume to the attention of those who would 
gladly learn something of the great founder of the academy.**— Twz 
JouRMAL OF Education. 

" This translation far surpasses any other. We believe that scholars uni- 
versalUf unll warmly acknowledge Us truth to the thought and spirit of 
the original. And we are sure that it is what other versions known to us 
are not, namely English,— free, nervous, idiomatic English, such as will 

fascinate the reader The Introduction is able and interesting. The 

Analysis w a performance of exceeding merit, a dear and satisfying pre- 
sentation of the essence of the dialogue beatdifully written.** — ^Noncon- 
formist, August 4, 1852. 

** We trust that the existence of so eloquent and correct a version may induce 
many to become Students of the Bepublic, An Analysis is prefix^ which 
will be found a veru material help to the comprehension of the Treatise. 
The while book is scholarlike and able.** — Qtjardian. 

" No one competent to offer an opinion on this subject,- will refuse to Messrs. 
Davies and Vaughan the highest praise for the fidelity and eloquence with 
which they have translated this dialogue. The Introduction %s exceUerU 
in itself, and admirably prepares the reader for the work it introduces.**-— 
The Leader. 

XXIV. 

Mr. Pratt's Mechanical Philosophy. 

Second Edit. 8to. bds. £1 1b. 

xxvn. 

Mr. Simpson's Epitome of the History of the Christian 

Church during the first Three Centuries dnd during the time of 
the Reformation. With Examination Questions. Second Edi- 
tion, IMPBOYED. Fcap. Svo. cloth, 5s. 

XXVIII. 
By J. C. SJSrOWBAZi^ M.A., 

Fellow of St. John's College, Cambridge. 

A new and cheaper Edition of 

1. The Elements of Plane and Spherical Trigonometry. 

Eighth Edition, gbeatlt impboyed and enlaboed. Crown 
8yo. cloth lettered, 7s. 6d. Just ready. 

2. The Elements of Mechanics. 

Second Edition. 8yo. bds. Ss. 6d 
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XXIX. 

By the Rev. E. THRINQ, M.A., 
Fellow of ELing's College, Cambridge. 

1. The Elements of Grammar taught •in English. 

18mo. bound in cloth, 2b. 

** A very able hook it w, both in iubatance and form," — Spectatob. 

«* A clever and acientiJU little hook," — Guaboian. 

** A genuine contribution to the wanta of the age," — Chbist. Times. 

" Written with great «A;t^."— The Eoucatob. 

'* For this the teacher and learner toiU thank him," 

The Nonconpobmist. 

2. The Child's Grammar: being the substance of the above, 

with Examples for Practice. Adapted for Junior Classes. 
18mo. limp cloth. Is. 

** l%e most rcUiandl we have seen, it is worked out with rimplicitjff preeition, 
and eompUtenes8,"-—Twt Nomcohfo&icist. 

XXX. 

By W. P. WILSON, M.A., 

Fellow of St. John's College, Cambridge, and Professor of 
Mathematics in Queen's College, Belfast. 

A Treatise on Dynamics. Svo. bds. 98. 6d. 

XXXI. 

By the Key. BROOKE FOSS WESTCOTT, M.A., 

Fellow of Trinity College, Cambridge, and Assistant Master of 

Harrow School. 

The Elements of the Gospel Harmony ; 

With a Catena on INSPIRATION, from the Writings of the 
Ante-Nicene Fathers. Crown 8yo. cloth, 6s. 6d. 

'* Deserves and will command attention," 

Chbistian Rbmbkbbakoeb. 

'* The production of a young Theologian of great promise." 

T. K. Arnold. 

" The Author argues very ably for the plenary inspiration of the 

Gospels A large amount of learning is brought to bear 

on the subject," — English Rbyiew. 

'* Admirably conceived, arranged, and expressed," 

Fbeb Chubch Magazine. 

xxxn. 

Elementary Arabic Grammar. 'Al Ajmmiieh'. 

The Arabic Text, with an English Translation. By the Rev. 
J. J. S. Pebowne, Fellow and Assistant Tutor of Corpus 
Christi College, Cambridge. Cloth, lettered, 5s. 
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xxxm. 

By I. TODHUNTER, M.A., 

Fellow of St. John's College, Cambridge. 

An Elementary Treatise on the Differential and Integried 

Calculus. With numerous Examples. Crown 8vo. cloth, 10s. 6d. 

This Work is intended for the use of Schools as well as for 
Students in the Universities, 

Shortly toill be Pttbliahed by the same Author, 

A Treatise on Analytical Statics, 

With numerous Examples. 



THE FOLLOWINB WORKS ARE IN PREPARATION. 

i: 

ABISTOPHAJSrJES. 

A Revised Text: with a Commentary. 

By W. G. Clark, M.A., Fellow and Assistant Tutor of Trinity 
College, Cambridge. 

n. 

ARISTOTLK 
The Rhetoric of Aristotle ; 

The Greek Text : with English Notes, Critical and Explanatory. 

in. 

By J. E. COOPER, M.A., 

Fellow of St. John's College, Cambridge. 

A Geometrical Treatise on the Conic Sections; 

With an Appendix, containing the first Nine and the Eleventh 
of Newton's Lemmas : intended chiefly as an Introduction to 
the Geometrical Doctrine of Limits. 

lY. 
JUVENAL. 

Jnvenal: chiefly from the Text of Jahn: 

With English Notes for the use of Schools. By J. E. Mayor, 
M.A., Fellow of St. John's College, Cambridge. Just Ready. 

V. 
By J. B. PHEAR, M.A., 

Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 

Elementary Hydrostatics. 

Accompanied by numerous Examples. Crown 8yo. doth. 

Just Ready. 
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VI. 
By B. SMITH, M.A., 

Fellow of St. Peter's College, Cambridge. 

1. Arithmetic and Algebra in their Principles and Application, 

with numerous systematically arranged Examples taken from 
the Cambridge Examination Papers. With especial reference 
to the ordinary Examinations for B.A. Degree. Cro'wii Svo. 
cloth. Jtcst Ready. 

2. "Mechanics and Hydrostatics/' on a similar plan. 

vn. 

TH^OCEITUS, 

The Greek Text, with English Notes Critical and Explana- 
tory, for the Use of Colleges and Schools. By the Rev. E. H. 
Pbbownb, M. a.. Fellow of Corpus Christi College. Crown 8yo. 



VIII. 

Sophoclis Electra : 

The Text of Dindorf, with Notes Critical and Explanatory. 
By the Rev. Chahles Badham, D.D., St. Peter's College, 
Cambridge, and Head Master of the Royal Free Grammar 
School, Louth. 

IX. 

By J. WRIGHT, M.A., 

of Trinity College, Cambridge, and Head-Master of Sutton Coldfield 

Grammar School. 

The History of Greece in Greek, 

From the Invasion of Xerxes to the Peloponnesian War : as 
related by Diodorus and Thucydides, with Explanatory Notes, 
Critical and Historical, for the use of Schools. 



By the Rev. B. F. WJSSTCOTT, M.A., 
FeUow of Trinity College, Cambridge. 

An Introduction to the Study of the Canonical Epistles: 

Including an attempt to determine their separate purposes and 
mutual relations. 
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MR. MAYORS JUVENAL FOR SCHOOLS. 

Chiefly from the Text of Jahn. With English Notes. 
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MR. LUND'S SHORT AND EASY COURSE OF ALGEBRA. 

Chiefly designed for the use of the Junior Classes in Schools, with a 
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With a Cateim oa xrnsriiiA'riuiM, iVom' xne ^WtnSb^ or me^^ce- 
Nicene Fathers. Crown 8vo. cloth, 6s. 6d. 

' ' Deserres and will command attention ." 

Christiav Rxhembbancea. 
'* The production of a young Theologian of great promise." 

T. K. Ahkold . 
"Admirably conceived, arranged, and expressed." 
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